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>D ' Abstract. In this article we use our constructions from IBS05I to lay down some foundations for the 

C ^ ' application of A. Robinson's nonstandard methods to modern Algebraic Geometry. The main motivation 

C ^ , is the search for another tool to transfer results from characteristic zero to positive characteristic and 

Cn ' 'vice versa. We give applications to the resolution of singularities and weak factorization. 

u 

< 



1. Introduction 



The difficulty of many problems about algebraic varieties depends on the characteristic of the base field. 
\^ ' Resolution of singularities (proved in characteristic zero, open in characteristic p) and Grothendieck's 

.^^ , standard conjecture on the rationality of Kiinneth components (proved over finite fields, open in charac- 

teristic zero) are prominent examples. This is mostly due to the fact that some tools — like transcendental 
methods — are only available in characteristic zero while others — like Frobenius morphisms — only 
2 ' exist in characteristic p. 

A link between the apparently so different worlds of characteristic zero and characteristic p is provided 

by internal fields of infinite characteristic, for example the *finitc field *'E/P, where *1i is an enlargement 

of Z and P e *Z is an infinite prime: 

^ ' Let $ be a first order statement in the language of fields. If <& is true for all fields of characteristic 

■"sj" , zero, it is in particular true for *Z/P (which externally has characteristic zero), so by the permanence 

'^ ' principle it is true for Wp for infinitely many finite primes p € "E. If, on the other hand, <& is true for 

^_J , almost all Wp, it is also true for *Z/P, a field of characteristic zero. 

^s ' Unfortunately, being first order is a strong condition in whose absence the above reasoning fails, and 

\^ , the language of fields is ill adapted to dealing with schemes, sheaves and cohomology in Grothendieck's 

^^ ' modern language of Algebraic Geometry. 

fH , Building on our paper |BS05| . we therefore use the notion of enlargement of categories to establish a 

more fiexible method of transferring properties from characteristic zero to characteristic p and vice versa 
in the framework of schemes: 



Starting from a category « of rings, we consider the fibred category ScH^ /'S of finitely presented 
K»" ■ schemes over objects of ® and enlarge it to get the category of *schemes *Scli^, fibred over *® . Here the 



main point is the following: 



fp 



\^ • An object Aoi*'B is also an ordinary ring, and we can consider the category 5c/j^ of finitely presented 



schemes over A. The notion of scheme is not first order, so an object X of Sch^ is not an A-*scheme. 
Nevertheless, X is given by finitely many equations in finitely many unknowns, and these define a *scheme 
NX over A (in fact, we construct a canonical fibred functor from Sck,^ to *Sch^ , which turns out to 
be a fibred Kan extension and is therefore unique up to unique isomorphism). Similarly, any finitely 
presented Ox-module f defines a *finitely-presented Oat A'-*niodule given by "the same" presentation. 
For modules, there is even a canonical functor S in the opposite direction, sending OArx-*niodules to 
Ojf-modules, and the functors N and S turn out to have many nice properties. 

The main part of our paper is devoted to proving that many properties of X (like for example being 
smooth or proper) translate into corresponding properties of A^ A. — Let us stress the fact that this is 
not simply an application of the transfer principle, because the standard universe does not contain A and 
X and is thus not applicable. 

Especially in the case where A is a field, properties of A A often also imply corresponding properties 
of A — for example, A A is *irreducible respectively *integral if and only if X is irreducible respectively 
integral. 

Furthermore, we can give criteria (mostly of cohomological nature) for whether a given *scheme or 
*module lies in the essential image of A , thus enabling us to deduce the existence of schemes and modules 
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2 LARS BRUNJES, CHRISTIAN SERPE 

with certain properties from the existence of *schemes and *modules with the corresponding properties 
(note that there are many *scheme which do no he in the essential image of N , for example *schemes of 
*finite but infinite *dimension and ^schemes given by equations of *finite but infinite *degree). 

At this point, let us mention Angus Macintyre's "many sorted" approach to the application of Model 
Theory to Algebraic Geometry in IMaciflfl| . where he considers ultraproducts of varieties (and algebraic 
cycles) of fixed complexity. Though a direct comparison between Macintyre's approach and ours is 
difficult due to the different languages used, *schemes respectively ^schemes in the essential image of N 
correspond to ultraproducts of varieties of arbitrary respectively bounded complexity. 

The announced method of transfer between characteristic zero and characteristic p now roughly works 
as follows: Let <& be a statement of schemes. Assume first that $ holds in characteristic zero, and 
consider a class C of *schemes over *fields which lie in the essential image of N (i.e. a class of "bounded 
complexity", for example the class of *projective *schemes whose *dimension and *degree is bounded 
by a finite number). If fc is a *field in *« of infinite *characteristic, $ holds for schemes over k (which 
has characteristic zero as a field), and using properties of TV , it will often be possible to show that *$ 
then holds for *schemes in C, hence $ holds for (certain) schemes over fields of finite characteristic (by 
the permanence principle). — We will give two applications of this method, namely to the problems of 
resolution of singularities and of weak factorization in characteristic p. 

If, on the other hand, $ holds for schemes in characteristic p, by transfer *$ holds for *schemes over 
*fields fc in *« of infinite *characteristic, so if X is a scheme over fc, *$ holds for NX. Again, using 
properties of A^ , it will often be possible to use this fact to prove that 4> holds for X, a scheme in 
characteristic zero. For example, if the (modified) Jacobian conjecture was proven is characteristic p, 
this method, combined with an easy application of the Lefschetz principle, would imply the Jacobian 
conjecture over Q. 

In subsequent papers, we plan to define similar functors N for A'-theory, cycles and etale cohomology, 
and even though we demonstrate the usefulness of our method as it stands in the present paper (and it 
will not be hard to find other applications along similar lines), our main motivation for this paper is to 
lay the ground for that future work, from which we hope to gain new insights into the theory of algebraic 
cycles over varieties in characteristic zero and characteristic p. 

The paper is organized as follows: In the second section we give basic definitions; in particular we 
define the fibration Scli,^ /® of finitely presented schemes over a small category of rings ® and consider 
the enlargement *5c/t,//*®. 

In the third section we relate schemes and *schemes. For that, we define a functor N : ScliJ\g/*'S -^ 
*Sch^ 1*1} which extends the canonical functor Scfi^/'B — > *Scli^ /*'B . In particular, for an internal ring 
A, we get a functor N : Scfi^^ /A -^ *Scfi^^/A. 

Section 4 discusses more properties of the functor N and shows that it respects many properties of 
morphism between schemes. 

In section 5 we define and investigate an analogous functor N for coherent modules. That is, for a 
scheme X of finite presentation over an internal ring, we define a functor from coherent modules on X 
to *coherent modules on NX. 

Section 6 specializes to the case where the internal ring A is actually an internal field. Mainly, we 
apply a theorem of van den Dries and Schmidt to show — among other things — that the functor A^ on 
modules is exact and that the functor A'^ on schemes is compatible with Quot- and Hilbert schemes. 

In section 7 we show that A^ is compatible with higher direct images of coherent sheaves for proper 
morphisms (the proof of this is similar to the proof of the theorem on formal functions in Algebraic 
Geometry). One main application of this theorem is that N is fully faithful on coherent modules and 
induces an injection on Picard groups. 

Section 8 shows that it is possible to define a kind of shadow map for varieties over an internal valued 
field with locally compact completion. 

In section 9 finally we give two standard applications of the theory: First we reprove a result on resolu- 
tion of singularities in characteristic p by Eklof, and second we show a similar result for the factorization 
of birational morphisms. 
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2. Basic definitions 

Let "Rjngs be the category of rings, let ® C "Rjngs be a small (not necessarily full) subcategory, let 
%, be the small full subcategory of "Rings containing every object of ® and (an isomorphic image of) 
every ring finitely presented over Z or over an object of « , and let S be the small full subcategory of the 
category of schemes containing (an isomorphic image of) every scheme which is finitely presented over 
an object of 5^. 

Choose a universe 11 such that 5 is W -small, and choose a superstructure M containing 11 (such that 
any W -small category is M-small — compare |BS05I A.3]). 

Let * : M ^ *M be an enlargement. Since 5 is M-small, so are S and 5^, and we can consider the 
enlargements *® C *5^ and *S , all *M-small categories, where *'B and *^ can be thought of as categories 
of (internal) rings with (internal) ring homomorphisms as morphisms (compare |BS05I 4.7]). 

We call objects of *^ *rmgs and objects of *S *schemes. 

Define ScH to be the category whose objects are morphisms X — + Spec (S) (with X an arbitrary 

scheme and S an arbitrary ring) and whose morphisms [X' > Spec {S')] -^ [X > Spec (S)] are pairs 

{X' — > X, S — > S") such that the following square commutes: 

X' ^X 

Spec (S") ^'"''^'^•' ^ Spec [S). 

(If the morphism X — > Spec [S) is understood, we often denote the object X — > Spec (5) by X/ S or — 
if S is understood as well - simply by X.) 

Projection onto the second component defines a functor Scti —> 0{ings°^ which is obviously a bifibration: 
For a ring homomorphism (/3 : S* — > S", inverse and direct image are given by 

(p*[X^Spec(S')] = [Xx5 5'^Spec(S")] and 

ip4X' -^ Spec (S')] = [X' -^ Spec {S') ^^^^H Spec (S)]. 

The fibre over a ring S is obviously the category ScHs of S'-schemes. 

Let ScH be the full subcategory of Scfi consisting of morphisms X — > Spec (S) with X a finitely 
presented S'-scheme. Then Scfi is a subfibration of ScH over %ings (but no longer a bifibration, because 
for a ring homomorphism S ^ S' , not every finitely presented S"-scheme will in general be finitely 
presented ai 
S'-schemes. 



presented as an S'-scheme). Of course, the fibre over a ring S is the category Schg of finitely presented 



For an arbitrary subcategory C of !l{ings, we can form the puUbacks of ScH — > %ings°^ and ScH — > 
%ings°^ along C°^ ^ l{ings°^ , and we denote the resulting bifibration respectively fibration over C°p by 

Sch(- respectively Jc^if. ^ 

Applying this to C := « and C := *«, we get bifibrations 5c/Ib — > «°p and 5c/1.b — > *«°p and 
fibrations Sch^^ ^ «°p and Sch% ->*'B°^. 

Since the fibrations Sck^ ^ 5^°p and Scd^ — > ®°p are obviously A/-small, we can consider their 
enlargements 



*Scl^%^ ^*Sch% 



X 



-fp 



which are again fibrations (compare |BS05I 7.3]), whose fibres we denote by *Schg for objects S of *^. 



*When we view 5c/i and Sck ^ as pseudo-functors from 'Mjngs°^ to the category of categories, then 5c/i5 and Scfi J' are 
just the restrictions of these functors to (r°P. 
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2.1. Definition. 

(i) For a * ring 5, we call the category *jl^ :— *5?,\5 of objects under S* the category of S'-^a^^e&ras. 
(ii) By transfer we have a functor *Spec : *^°'' -^ *S from *rings to *schemes, and we call *schenies 

in the essential image of this functor *affine. 
(iii) For a *scheme X, we call the category *Sclix '■= *S /X of objects over X the category of 

X-*schemes or — ii X — *Spec (A) is *affine — the category *5c/t^ of A-*schemes. 
(iv) Let P be a property of rings (schemes, morphisms of rings, morphisms of schemes). When 

considering P as a predicate on the set of objects of H^ (of objects of 5,. . . ), we get a predicate 

*P on the set of objects of *Sl (of objects of *5,...), i.e. a property of *rings (^schemes, 

morphisms of *rings, morphisms of *schemes). 



2.2. Remark. It follows immediately from transfer that objects of *5c/i.^ are morphisms of *schemes 
X ^ *Spec (S*), where S* is a *ring and X is a *scheme. Morphisms [X' -^ *Spec (5")] ^ [X ^ *Spec (S)] 
are pairs {f,(p) with / e Mor.j(X', X) and ip G Moi->^{S, S') such that the following square commutes 
in *S: 

X' ^X 

"Spec (S") ^^"'^"'^ ^ *Spec (S). 

In particular, for a *ring S, the fibre *Schg is the full subcategory of the category of S'-*schemes defined 



in l2.1l consisting only of ^finitely presented S'-*schemes. 



2.3. Definition. Consider the functor Pol : Mo x ^ — > 5^ (where Mq is the category associated to the 
partially ordered set (]No,<)), sending a pair (n, 5) to the polynomial ring S[Xi, . . . ,Xn]- This is a 
functor between M-small categories, so we can enlarge it to a functor *Pol : *]No x *%_ -^ *5^. For a (not 
necessarily finite) natural number n e *]No and a *ring S, we denote *Pol(n, 5) by S*[Xi, . . . ,X„] and 
call it the *polynomial ring over S in n unknowns. 



2.4. Remark. Let (n, S) be an object of *]No x *5^ as above. 

(i) The morphism *Pol(0 < n, I5) : 5 = 5*0 -^ 5*[Xi, . . . ,X„] canonically turns S*[Xi, . . . ,Xr,] 
into an 5-*algebra. 

(ii) It is easy to see that S* [Xi , . . . , Xn] has the following explicit description when viewed as an 
internal ring: Elements are internal *finite 5-linear combinations of *monomials in n unknowns, 
i.e. of internal products of the form X-^^^ ■ . . . ■ Xf^" with exponents di g *]No. These elements 
are added and multiplied in the obvious way. 

(iii) Transfer immediately shows that S*[Xi, . . . ,X„] has the following universal property: If T is 
an S'-*algebra and if (ii, . . . ,i„) is an internal family of elements of T, then there is a unique 
morphism of S'-*algebras from S* [Xi, . . . , Xn] to T which sends Xi to ti for all i. 

(iv) Let n be a finite natural number. Then by the universal property of usual polynomial rings, 
we have a canonical morphism of S'-algebras (not S'-*algebras) S[Xi, . . . , Xn] -^ S*[Xi, . . . , Xn] 
which sends Xi to Xi. This map is easily seen to be injective, but is is (for n > I) not bijective: 
For example, for an infinite h G *]No, the monomial X^ is obviously not contained in the image. 



2.5. Definition. Let X be a *scheme, and let n be a *natural number. We define the n-dimensional 
*affine space over X as the X-*scheme X*x.z*Z*[Xi, . . . ,X„] (note that the fibre product exists by 
transfer). 



2.6. Remark. For every scheme X and every natural number n € Mq, we have the finitely presented 
X-scheme P^ = P^ XzX, the n-dimensional projective space over X, which is covered by {n+ 1) copies 
of A^, glued together by certain universal morphisms. 
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By transfer, for every *scheme X and every ^natural number n G *]No, we get a ^finitely presented 
X-scheme *P^, covered by {n + 1) copies of *A^, the n-dimensional *projective space over X. 

If n is finite, then these *affinc spaces are glued together by the enlargements of the corresponding 
morphisms from the standard world. 



2.7. Definition. If 5* is a ring in 3^ , and if {/i, . . . , /„} C S* is a finite set of elements, then the category 
of ^-algebras A g Ob(^) with /i = ... = /„ = G A has an initial object, namely the S'-algebra 
S/{fi, . . . , fm) (which is obviously finitely presented). 

It follows by transfer that for every *ring S and any *finitc internal subset {/i, . . . , /„} C S, there is 
a S'-*algebra S/*(fi, . . . , fm) which is initial in the category of S'-*algebras in which the fi are mapped 
to zero. — We call S/*{fi, . . . , fm) the *factor ring of S with respect to the *ideal *(/i, . . . , fm)- ^ 



2.8. Remark. Let S" be a *ring, and let (/i, . . . , fm) be an ideal of 5* with m finite. Then it follows by 
easy transfer that 

*{fu...Jm)^{fu...fm)-SQS. 



3. Relating schemes and *schemes 

Let A he 'A *ring in *® . On the one hand, when considering A simply as a ring, we have the category 
Sch^ of finitely presented A-schemes. On the other hand, we have the category *Scli^ of *finitely 
presented *schemes over A. 

Intuitively, every finitely presented A-scheme determines a ^finitely presented y4-*scheme which is "de- 
fined by the same relations" , and every morphism between finitely presented yl-schcmes gives a morphism 
between the associated ^-*schemes. 

In this section, we want to make this intuition precise by defining a morphism A^ : ScH,^ -^ *Scfi^ 
of fibrations over *®°^. In particular, by restricting to the fibre over A, this then gives us the desired 
functor ScHj^ -^ *Scfij^. 

3.1. Lemma. Let ip : A ^t B he a ring homomorphism in 1{,. Then the diagram 



(1) 4^—^ 






commutes in Kjngs. 



Proof. This follows immediately from elementary properties of enlargements, q.e.d. 

3.2. Proposition/ Definition. Let A be an object of %_. 

(i) Let B = j4[Xi, . . . , X„]/(/i, . . . , fm) be a finitely presented A-algebra. Then 

*i?-*A*[Xi,...,X„]/*(/i,...,/™). 

(ii) Let ^^g A respectively .^^ J denote the category of A- algebras respectively finitely presented 
A-algebras. The canonical functors 

[Mg^) X *SlCg,^ — > Sits 

Mor.^,^ (*B,C) 
{B , C) ^ { 

Mor^, (B,C), 



*By transfer, it is obvious that a *idcal of a *ring S is in particular an ideal of 5". 
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fp 



induced by * : ^l^g . 
isomorphic via 



*;i[g^ and the forgetful functor *ilCg^ 
TA^Bfi ■■ Mor.^,^ (*B,C) -^ Mor^, (B,C), [*B ^C]^[B^*B^C] 



^(g A, are canonicaUy 



Proof. By transfer. 12. ^[iii)|andl2. 71 both *B and *A*[Xi, . . . , X„]/*(/i, . . . , /„) have the same universal 



property in the category of *A-algebras, which proves (i 



To show |(ii)| we must first check that ta,b.c is indeed functorial in the arguments B and C. For 
argument C this is trivial, and for argument B it follows immediately from 13. ll 
To see that tam,c is a bijection, let B = A[Xi, . . . , X„]/(/i, . . . , /„i). Then 



(i) 



Mor.^,^^^ri?,C)'^Mor.^,^^^(M*[Xi, . . . ,X„]/*(/i, . . . ,/„),C) 
[iii) 



{(ci,. 



,c„)eC" 



Vi€{l,...,m}: /,(ci,...,c„) = Oec}=Mor^,^^(B,C), 



where this identification of the two sets is obviously just given by ta,b,c- q.e.d. 



3.3. Definition. For every ring A in ^, base change along the (external) ring homomorphism * : A -^ *A 
defines a functor T : ScfiA —^ ScH-a (which respects schemes of finite presentation), and if ip : A ^ A' is 
a ring homomorphism, the diagram 



SctlA' 



■ ScflA 



( f) 
commutes because of 13. f I Consequently, we get "base change" -functors T of fibrations 

r f P '^ r fp 

Scn,j, ^ Scli,,j^ 



Sck^ ^Scht^ 



%. 



op 



*iC^. 



For every ring yl in 5^, base change along Spec(*^) > Spec (A) defines for every A-scheme X a 

morphism px :T X —* X oi schemes which is clearly functorial, i.e. the px define a 2-morphism p of 
fibrations as follows: 
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3.4. Theorem. There is an essentially unique functor N : Sc/lJ'^ -^ *SchI of fibrations over *1{°'^ such 
that the following diagram of fibrations commutes: 



Sclt^^ J. > Scfif.j^ ■-■>■ *Sclt\ 



(2) 



5^op 



.^o 



'X' 



In particular, by restriction to *®, we get a canonical functor N : Sch 



fp 



Sckro of fibrations over 



Proof. Let A be a *ring, and let X be a scheme of finite presentation over A. According to |EGA IV3I 
8.9.1], there exist a subring Aq C A, finitely generated over Z, and a finitely generated (and hence finitely 
presented) ^o-scheme Xq, such that Xq xaq A \s isomorphic to X over A. 

So Aq is an object of ^, and Xq/Aq is an object of Scfl^^. According to l3.1jlii)] we get the following 
cartesian diagram of schemes: 



X 



-^TX< 



Spec (.4) — ^ Spec {*.4o) 



Spec(*) 



-*Xo 



-^Spec(.4o). 



Therefore, in order to get a morphism of fibrations that makes (O commute, we must define 
NX i {r^A.,M^ -> A^\nTX,) :i (r^\,JA, ^ A^\*X,). 

Now let Y/ S be another scheme of finite presentation, and let / : X ^ F be an 5-morphism. As before, 
there is a finitely generated ring Bq Q A and a finitely presented -Bo-scheme Iq such that Y '^YqX Bo A- 

Let / be the partially ordered set of finitely generated subrings of A containing both Aq and Bq, and 
put Xc := Xq XAo C and Yc := Yq x Bq C ior C € I . 

Then A = hm^^^ C, X = limp^^ Xc and Y = lim^^^ Yc, and by |EGA IV3I 8.8.2] we have 

(4) lim Mor,,,^ {Xc, Yc) = Mor,,,^ {X, Y). 

In particular, there exists a Cq S / and a Co-morphism /o : Xcq — > Yc^ such that f = fa x 1a- Therefore 
we get the following cartesian diagram of schemes 



Y 



¥ Spec(r-^ [C0--.4]) V 

Spec (.4) — ^ Spec (*C'o 




Spec(*) 



■Spec (Co), 



Spec (Co 



and we are forced to set 



Nf i {r^'c^JCa -^ A]y{NTfo) i {r^},„JCo -^ A]) V/o). 

To check that this is well defined, let Ci G / be another subring of A that admits a Ci-morphism 
/i : Xc, -> Yc, with / = /i X 1a. 

Using 0) again, we find a subring C2 of A containing both Co and Ci with /o x l^^ = /i x l^a : 
A"c2 — > Yc2 , and I3.l|lii)| implies that the diagram 
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-^:,L,A[C-a'--A] 




-^)::,.a\Ci--'M 



commutes. Therefore we have 

Thus N f is well defined, and since this definition is obviously functorial, we get a functor N : Scfij^ — > 
*Scli^ which furthermore is uniquely determined (up to isomorphisnr) by the conditions stated in the 
theorem. 

It remains to show that this functor is compatible with inverse images and hence defines a morphism 
of fibrations N : ScliF,j^ -^ *Scli^ as claimed: li ip : A —^ A' is any morphism of *rings, we have to show 
that Nifi*f = ip*Nf {ioi f :X ^Y as above). With Dq := ip{Ca) Q A' we have 

^*f = (/o X 1a) X 1a' =- /o X Ia' = (/o X Ido) x 1^', 
so 

N^*f = {t^'doM^o -- A'])**(/o X 1,,„) = {t^^i,^^a'[Do -- A'])*(*Co ^ *i?o)*(*/o) 



^rco 



'Dn 



AyCfo)'^'^^{r,},,^ACo -^Do^ A']) V/o) 
{r.LACo - A ^ A']) V/o)'Sin](*Co "-"-'"°^"' A ^ A') V/o) 



^*(^z.c„.A[Go--A])*r/o) = ¥'*^/- 



q.e.d. 



3.5. Remark. The uniqueness of N in 13.41 can be made precise as follows: It is easy to see that N is 
a right Kan extension of * along T in the 2-category of fibrations (compare JMacL98 XII.4]), therefore 
enjoys a universal property and consequently is uniquely determined up to a canonical 2-isomorphism 
between morphisms of fibrations. 



3.6. Example. Let ^ be a *ring, and let B — A[Xi, . . . , Xn]/{fi, ■ ■ ■ , fm) be a finitely presented A- 
algebra. Let ^o be the subring of A generated by the (finitely many) coefficients of the fi. Then we 
can consider the fi as elements of ^oi-'^i, ■ ■ ■ : Xn], and we have B = Ao[Xi, . . . , Xn]/{fi, ■ ■ ■ , fm) '^Ao A. 
Hence 

(5) N Spec {B) = {t^X,JAo C A])* [* (Spec {Ao[X,, . . . , X„]/(/i, . . . , /„,)) 

"^(^zI.aI^o C A])* hpec i*Ao*[X,, . . . , X„]/*(/i, . . . , /,„)) 



transfer ^ 



Spec (^*[Xi,...,X„]/*(/i,..., /,„)). 



In particular, for n S Mq we get N A^ ^ *A^ and — taking n ^0 ~ N Spec (A) = *Spec {A). 



3.7. Proposition. Let A be a *ring, let X be a finitely presented A-scheme, and let n S Mq be a natural 
number. Then 



iV(P'^ 



X 



X) 



'ri 



NX 



NX. 
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Proof. We know from the proof of l3.4l that there exist a finitely generated subring Aq of A and a finitely 
presented Ao-scheme Xq with X = Xq x^j, A. Then 

and 
q.e.d. 



4. Properties of the functor N 
Let A be a *ring in * « . 

4.1. Proposition. The functor N : ScH^ -^ *Sclt^ 

(i) is left exact, i.e. commutes with finite limits; 
(ii) commutes with finite gluing data, i.e. if / is a finite set, if JJ^ -^^ Uij ^ Uig/ Ui with Uij, Ui 

finitely presented A-schemes is gluing data for an A-scheme X, then ]J,- j^, N Uij ^ Uig/ N Ui 

is gluing data for NX; 
(iii) sends the empty scheme to the empty *scheme; 
(iv) commutes with finite sums. 



Proof. Let / be a finite category, and let F : / — s- Sch^, « i-^ X' be an arbitrary functor. According to 
|EGA IV3I 8.8.3], there exist a finitely generated subring Aq of A and a functor Fq : I —> ScHaq, * '—>■ Xq, 
such that (lim. Xq) XAq A = lim. Xi. Since * is exact by jBS05| . and since inverse image functors in 

*Scfi^ are left exact by transfer, we get N Mim. XM = hm. N X"- by 13.41 Therefore \(i)\ holds. 

Now let / be a finite set, and let ]J„jei ^v ^ Jltei ^« ^^^ ^ ^e as in[(ii)] By |EGA IV3I 8.8.2, 



8.10.5], there are a finitely generated subring Aq of A and gluing data JJ- ^^ Vij =f JJi^, Vi, where the 
Vij and Vi are finitely presented Ag-schemes and where base change with Aq =— > A gives back the original 
gluing data over A — let Xq be the finitely presented Ag-scheme defined gluing the Vi along the Vij. 

It follows from the construction of fibre products in jEGA IL 3.2.6.3] that base changes in the category 
of schemes respect gluing data. This implies firstly that Xq XAq A = X and secondly (by transfer) that 
inverse image functors in *Sch,j^ commute with gluing data as well. Combining this with the exactness 
of * (note that "commuting with gluing data" means commuting with certain finite colimits) completes 



the proof of (ii) using the same reasoning as for (i) 



Let denote the trivial ring, and let — Spec (0) be the empty (finitely presented) A-scheme. Then 

= [*Z^ A]*Spec(0), so 

iV0lp'[*Z ^ A]*(7VSpec(0))'^[*Z ^ A]*(*Spec(0)) '™''"' *Spec(0), 

which is the empty *scheme. 

Finally, (iv) is just the special case of (ii) where all the Uij are empty, and combining (ii) with (iii] 



immediately finishes the proof, q.e.d. 



4.2. Remark. Combining 13.51 with 14. ]|1 iiT] provides us with an alternative description of the functor N , 
at least when we restrict our attention to separated A-schemes of finite presentation: 

Every finitely presented A-scheme X admits a finite open affine covering X = IJjg, Ui, and if X/A is 
separated, the intersections Uij := Ui n Uj are affine as well by ' EGA IL 5.5.6]. So in this case, we can 
compute the N Uij and iV Ui using 13.61 and we know from I4.]|[ii)| that A^ X is obtained by glueing the 
N Ui along the N Uij . 



4.3. Corollary. Let G be a finitely presented (commutative) A-group scheme. Then A^G is a *finitely 
presented (commutative) A-*group *scheme, i.e. a (commutative) group object in *5c/t^. 
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Proof. The data defining a (commutative) group scheme structure on G can be expressed with diagrams 
involving only A, G, G XaG and G Xji G Xji G, and these products are respected by N according to 
E^ q.e.d. 



4.4. Proposition. Let f : X ^ Y he a morphism of finitely presented A-schemes, and let P be one of 
the following properties of morphisms of schemes: 

• isomorphism, 

• monomorphism, 

• immersion, 

• open immersion, 

• closed immersion, 

• separated, 

• surjective, 

• radicial, 

• affine, 

• quasi- affine, 

• finite, 

• quasi-finite, 

• proper, 

• projective, 

• quasi-projective. 

If / has property P, then N f : N X ^ NY has property *P. 



Proof. Let P be one of the above properties. By |EGA IV3I 8.8.2, 8.10.5], there exist a finitely generated 
ring Aq <Z A and a morphism /o : Xq —* Yq of finitely presented Ao-schemes such that Xq x^^ A — X, 
Yq X Aq A = Y , fo X 1a = f and such that /o has property P. 

Then */o : *Xq -^ *Yq has property *P, and since property *P is stable under base change (by transfer, 

because P is stable under base change), we see that N f^^(^T^\^ aI^o — ^0 (*/o) ^^^ property *P as 
well, q.e.d. 



4.5. Remark. Let X be a finitely presented ^-scheme, and let U C X be an open subscheme. According 
to [EGA IV'il l-6-2(i),(v)], [/ is a finitely presented ^-scheme if and only if U is quasi-compact. It follows 
that NU is defined (and then a *open *subscheme oi N X bv 14.41) if and only if U is quasi-compact. 

Note that the quasi-compact open subsets of X form a basis for the Zariski topology (since affine open 
sets are quasi-compact), so that there will be no harm in restricting our attention to quasi-compact open 
subschemes. 



4.6. Corollary. Let f : X -^ Y he a, morphism of finitely presented ^-schemes, and let f/ C F be a 
quasi-compact open subscheme of Y. Then NU is an open *subscheme of NY, and 

N {f\f-^u)) = {N f)\^N f)~HNU) &Moi:,^^MN {f-\U}),NU) 



Proof. This follows immediately from the fact that N is left exact bv l4.]|ii)| and respects open immersions 
bv 14.41 applied to the cartesian diagram 

rHu) ' '' ^ u 




q.e.d. 
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4.7. Corollary. Let X = Uie/ Ui be a finite (afRne) covering by quasi-compact open subschemes. Then 
NX — [Ji^i NUi is a *open (*afRne) *covering in *Scli^. 



Proof. If the Ui are affine, the NUi are *affine by example 13 .(il The N Ui are open subschemes oi N X 
bv 14.41 and since 



Y[^U.^NiY[U.)^NX, 



iei 



iGI 



they cover NX. q.e.d. 



4.8. Lemma. Let X be a finitely presented ^-scheme, let y C X be a closed, finitely presented sub- 
scheme, and assume that the open complement U := X\Y is quasi-compact. Then N U is [N X]\ [N Y] , 
the * complement oi NY in N X. 



Proof. Since the diagram 




is cartesian, I4.]|ii)| |(iii)| imply that 



NY^ 



■NU 



-^NX 



is also cartesian, i.e. NU lies in [A''X] \ [A^^]. For the other inclusion, note that the surjectivity of 
YjjU -^ X implies the *surjectivity of [NY] Ui^ U] -^ NX bv l4.]|>iv)| andll^ q.e.d. 

Let (y9 : _R — > 5 be a ring homomorphism, let X be an _R-scheme, and let Y be an S'-scheme. Then it is 
common practice to simply write X{Y) for the set of those morphisms f : Y ^ X oi schemes that make 
the diagram 

/ 



Y 



Spec (S) 



Spec (ip) 



X 



■ Spec (R) 



commute, thus dropping R, S and ip from the notation. In other words, when R, S and ip are understood, 
X(Y) denotes the subset of those morphisms in Scfi which project to tp in the bifibration Sch —^ %ings°'^ . 
In analogy to this practice, we make the following definition: 

4.9. Definition. Let X be a *scheme in *Scli^, let ip : A ^f B he a morphism of *rings, and let F be a 
*scheme in *Scfig. 

Then we denote the set of those morphisms in Mor,^^^fp(F/B,X/A) which are projected to ip under 

*Scfi^ -^ *!li_°^ by X{Y) and call it the set of Y -valued points of X (where we assume that A, B and ip 
are understood). 

In the special case Y — *Spec (i?), we put X{B) := X{Y) and call X{B) the set of B-valued points of 
X. 



4.10. Remark. Let X be a finitely presented A-scheme, lei tp : A ^ B he & morphism of *rings, and let 
T be a finitely presented i3-scheme. 
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Then the functor N induces a canonical map 

X{T) ^ ^{NX){NT) 



Mor . ,fp (T/B, XI A) ^ Mor. ^_^,fp {N T/B, N X/A) 

(note that N , restricted to X{T), factorizes over {N X){NT), because iV is a morphism of fibrations 
and hence in particular a morphism of categories over *^°''). 

Since TV Spec (S) = *Spec(B) by EH we in particular get a map N : X{B) -^ {N X){B) from 
S-valued points of X to B valued points of iVX. 



4.11. Definition. As we have seen in 13.61 the functor N : ScH^ — > *Scli^ sends affine schemes to *affine 
schemes and thus induces a functor ^(g . -^ * iiCg . — which we want to denote by N as well — satisfying 

(6) yB (:,Oh{M/l): N Spec {B) = * Spec (N B) . 

li B = A[Xi\/{fj), then we have calculated inEHthat NB ^ A*[Xi]/*{fj). It follows from l2.f iii)1 and 
12. 71 that sending Xi to Xi defines a canonical morphism of A-algebras as : B ^ N B, which is obviously 
functorial: li (p : B ^ C is a. morphism of A-algebras, then 

(7) B^^NB 

Nip 

commutes in the category of ^-algebras. 



4.12. Lemma. Let k he an yl-*algebra, and let i? be a finitely presented A-algebra. Then the canonical 
map 

(as)* : Mor.^f, (N B,k) — > Mor^, (B,fc), [N B ^ k] ^ [B ^^ N B ^ k] 

is bijective. 



Proof. Let B = A[Xi]/{fj). We can argue as in the proof of l3.^rii)] A morphism if : N B ^ k in *^tg . 
is precisely given by a tuple (xi, . . . , a;„) S fc" satisfying fj(xi, . . . , Xn) = g A: for all j, and the exact 
same data defines a morphism if' : B -^ k oi ^-algebras. — It is clear that this identification between 
the two sets of morphisms is just the one given in the lemma, q.e.d. 



4.13. Theorem. Let fc be a *artinian ^-*algebra, and let AT be a finitely presented A-scheme. Then the 
canonical map N : X{k) —^ {N X){k) is bijective. 



Proof. We choose a finite affine open covering X = Uie/ ^m ^^ that N X = Uie/ A^C^ is a *open *affine 
*covering oi N X bvHTI 

To prove surjectivity, let / : *Spec(fc) — > X be an arbitrary fc-valued point of X. By transfer, since 
k is *artinian, / factorizes over one of the NUi, so without loss of generality, we can assume that 
X = Spec (B) is affine. 

Then A^AT = *Spec(A^i?), and / corresponds to a morphism ip : N B -^ fc of A-*algebras which 
induces a morphism ip' :— (pas : i? — > fc of A-algebras as in 14. 121 hence a fc-valued point /' := Spec {ip') 
of X. It is clear that N f = f , so N is indeed surjective. 

For injectivity, let f,g& X{k) be two fc-valued points of X with N f = N g e {N X){k). 

If Xk denotes the inverse image of X under A —^ k, then the canonical map Xk{k) -^ X{k) is a 
bijection, so that we can assume A ^ k without loss of generality. As above, it follows that / factorizes 
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over one of the Ui, say over Uig — then TV / factorizes over N Uig . Let us assume that g does not factorize 
over Uig . This would imply that the following diagram of finitely presented fc-schemes is cartesian: 

^U,,„ 



Spec (k) 



X. 



Then 14. ]|r i)| and |(iii)| imply that 



'Specik) 



NU,, 



■NX 



Ng=Nf 

is cartesian as well, a contradiction to the fact that N f factorizes over N Uig . 

Therefore both / and g factorize over Uig, and we can again assume that X = Spec (B) is afBne. But 
then / and g correspond to /c-algebra morphisms ip,ip : B —> k, and N f = N g means that the induced 
niorphisms of A;-*algebras ip' ,tp' : N B -^ k are the same. But then ip and ijj must be the same as well 
according to 14. 121 q.e.d. 



4.14. Proposition. Let / : X 

(unramified, smooth), then N f : 



^ y be a morphism of finitely presented A-schemes. 
N X -^ NY is *etale (*unramified, *smooth). 



If / is etale 



Proof. First consider the case where / 
f-X 



X ^ Y is unramified. By |EGA IV4( 17.4.2], a morphism 

Y of (locally) finite presentation is unramified if and only if the diagonal Ax/y '■ X — '- — > XxyX 
is an open immersion. So in our case, A^/y is an open immersion, and I4.]|ri)| and [4.41 show that the 

*diagonal Ajv x/n y ■ X X '■ > NXx^yNX is a *open immersion, hence transferring |EGA IV4I 

17.4.2] proves that N f is *unramified (since it is *finitely presented by construction). 

Now let f : X ^ Y he etale. By |EGA 1V4[ 17.1.6], Ol and |17| we can assume without loss of 
generality that X and Y are affine and that / is given by a morphism (p : B ^ C oi finitely presented 
A-algebras. Furthermore, by |Mil80l 1.3.16], we can assume that C = B[Ti, . . . ,T!„]/(Pi, . . . ,Pn) with 
d := det{dPi/dTj) G C^ and that ip is the canonical morphism, and we have to show that Nip : 
N B ~* NC = {N B)*[Ti\/*{Pj) is *etale. By transfer of Mil80, 1.3.16], for this it suffices to show that 
d' := * det{*dP,/*dTj) is a *unit in NC. 

Since partial derivatives of polynomials and determinants of matrices are given by universal polyno- 
mials in the coefficients, it follows easily that the diagrams 



B[Ti 



<^B[Ti] 



,Tn] 



d/dTj 



■BIT, 



-B*[Ti,...,r„] 



'd/'dTj 



B*[Ti 



,TJ 



,Tn] 



BIT, 



B*[Ti,. 



,r„] 



,T„ 



dot 



■BIT, 



,Tn] 



' dot 



B*[Ti,...,r„] 



commute, which implies d' = (Jc{d) (z N C. Since ac is a ring homomorphism, it maps units to units, so 
d' is a unit in N C . But being a unit is obviously a first order property, so units and *units are the same 
thing, and we are done in the case where / is etale. 

Finally, let f : X ^ Y he smooth. By jMilSO;. 3.24], this is equivalent to the existence of a (finite) 
open affine covering Ui of X, such that for every i the restriction f\ij^ factorizes as 



U,, 



^v. 



flu. 



Y 



■V, 



with gi etale and n € Mq. Since the functor TV respects open affine coverings bv 14.71 restrictions by[ 
open immersions by 14.41 affine spaces (over affine bases) by 13.61 and etale morphisms by the second part 
of the proof, transfer of |Mil80l 3.24] shows that N f is indeed *smooth. q.e.d. 
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4.15. Lemma. Let B he a finitely presented A-algebra, and let C — B[Yi, . . . ,Yk]/j be a finitely 
presented B-algebra. Then NC = {N B)*[Yj]/*J . 



Proof. Let B = A[Xi, . . . , Xn]/ 1 be a finite presentation of B as an A-algebra. Then 
q.e.d. 



4.16. Proposition. Let i? be a finitely presented A-algebra, and let C be a finite _B-algebra. Then the 
canonical ring homomorphism C ®b N B — > N C induced by Q is an isomorphism. 



Proof. First consider the case where C = B/ 1 is a quotient of B. Then 

C®bNB^ {NB)/i -NB ^ {NB)/*I^^NC. 

Next let C = B[c]/{c^ + 6„_ic"~^ + . . . + 60) with n e ]N+ and &o, • ■ ■ , ^n-i G B. Consider the following 
true statement in M: 

For every object i? of ^ and for every tuple (ro, . . . ,rn-i) G i?", sending a to X'^~^ 
defines an isomorphism of i?-modules i?" -^ R[X]/{X" + r„_iX"^^ + . . . + ro). 

By transfer and the fact that an isomorphism of *modules is in particular an isomorphism of modules, 
we get: 

For every *ring R and for every tuple (ro, . . . ,7'„_i) G -R", sending e^ to X^~^ defines 
an isomorphism of i?-modules i?" ^ i?*[X]/*(X" + r„_iX"-i + . . . + ro). 

By 14.151 we have NC ^ {N B)*[c]/*{c'^ + 6„_ic""^ + . . . + 60), so we get the following commutative 
diagram of N i?-modules: 

?-i®l G C^bNB ^NC 3 ?-i 

e^ e TVS" ^r^iVB" 3 e^, 

and we are done in this case as well. 

Now let C = B[c]/ 1 . Then the element c of C is integral over B, because C/B is finite, so there is a 
relation c" + 6„_ic"~^ + . . . + 60 = in C, which means that B -^ C factorizes as 

B ^ B[c]/{c'' + 5„_ic"-i + . . . + &o) '^' C, 

^ V ' 

=:C' 

and we get 

N C '■ ^"° C (E)c" N C ^- ^"" C (E)c' C (E)B N B ^ C (E)B N B. 

Finally, in the general case, let C — B[Xi, . . . ,Xn]/ 1 for an n e ]N+. We prove the proposition by 
induction on n: The case n = 1 has been proven above, so let C — B[Xi, . . . , Xn+i]/ 1 for n > 1. Let C" 
be the subring of C generated by Xi, . . . , X„ as a _B-algebra. Then C = C"[X„+i]/j/ , and 

TV C '■ =" C (g)c" N C '"'^'i^«°" C (g)c' C (g)B N B ^ C (g)B N B. 
q.e.d. 
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Let fWorf" be the category whose objects are pairs ( J , X/A), consisting of an A-scheme X and an Ox- 
module Q , and whose morphisms from {f , X/A) to {Q , Y/ B) are pairs (a, (/, ^p)) with (/, ip) a morphism 
from X/A to Y/B in Sck and a : f*g ^ y^ a morphism of Ox-modules. 

Projection onto the second component defines an abelian bifibration iMod -^ ScH (or Mod — > %ings°^ 
after composing with Sch -^ "RSngs"^): For a morphism (/,</?) : X/A -^ Y/B, direct and inverse image 
functor are given by (/, (p) * (^ , X/A) = {f,f ,Y/B) respectively {f,ip)*{g, Y/B) ^{f*g, X/A) , and the 
fibre over an object X/A is the opposite of the category Mod x of Ox-modules. 



Let Mod,, 



Scfil be the full subcategory of the puUback of this fibration along Sch 



fp 



Scti 



consisting of 1/ -sheaves, i.e. sheaves in our chosen universe Zl. 
where the opposite of each fibre has enough injective objects. 



this is an abelian, M-small bifibration 



For a scheme X, denote the category of quasi-projective (respectively finitely presented) Ox-modules 
by QCohx (respectively Mod x)- Recall from |EGA II 5.2.5] that an Ox-modulc f is called finitely 
presented if for every x € X, there is an open neighborhood U Q X oi x and an exact sequence 
O™ -^ 0]j — > fr|[/ — > of 0[/-modules with natural numbers m and n. If X is locally noetherian, 
this is equivalent to f being a coherent Ox-module. 

Let Qj2ofi (respectively Mod ^) be the full subcategory of Mod whose fibre over X/A is the opposite 
of QjOoUx (respectively of Mod x)- 

Pulling back along Sch^ -^ Sch and restricting to W -sheaves, we get M-small fibrations QCohf^^ and 

Mod ^ over Sch^ (note that any finitely presented Ox-module for X in 5 is automatically a "U -sheaf). 
We sum up the situation in the following diagram of additive fibrations: 



Mod 



fpc 



Sch,, 



IL' 



fp 



ClCoh.^^ 



■ Sch,, 



fp 



H' 



Mod 



ii(_ 



■Sch 



fpC 



^^ 



Mod 



-^ Sch 



%ings 



op 



The first three columns in this diagram are M-small, and we enlarge them to get an additive fibration 
*Mod ^/*%_, an abelian fibration *ClCoh,j^/*%_ and an abelian bifibration *Mod .g^/*'R^. 

For a *scheme X, we denote the opposite of the fibre of *Mod ,g^ (respectively *Mod^, respectively 

*ClCoh^) over X by *Mod x (respectively *Mod ^, respectively *QjOohj^), and we call the objects of 
this fibre Ox-*'fnodules (respectively * finitely presented Ox-*modules, respectively * quasi- coherent Ox- 
*modules) . 

If X is *locally noetherian, we also say *coherent instead of ^finitely presented, and * Cohx '■— *Mod x 
is an abelian category. 



5.1. Lemma/ Definition. Sending {f ,X/A) to {p\f ,T X/*A) induces a canonical morphism of ad- 



ditive fibrations T : Mod ^ -^ Mod f^: 



.- .. f p '^ .- ^ f p 
Mod ,£ ■>■ Mod ,,j^ 



Sch,g^ Y^Sch,,j^ 



%. 



op 



*^op 
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Proof. This is obvious, q.e.d. 

5.2. Theorem. There is an (essentiaUy) unique morphism N : Mod F,j^ — > *9v(od ^ of additive fibrations 
over * Sch,j^ that makes the following diagram commute: 



Mod ^ — ^ Mod J'.j^ -■■■>- *Mod ,1 






%.' 



*5?,°P: 



*^op 



In particular, for every *ring A and every finitely presented A-scheme X, we get a canonical additive 



functor N : Mod x -^ *Mod ^x- 



Proof. This follows from |EGA IV3I 8.5.2] in the same way as 1X1 follows from |EGA IV3I 8.8.2]. q.e.d. 
From now on for the rest of this section, let A be a *ring, and let X be a finitely presented A-scheme. 

5.3. Proposition. Let J" —^g-^lH^Ohea, sequence in Mod x which is exact in Mod x- Then the 
sequence N f -^ N g -^ N y{ ^ oi * finitely-presented Oat j(:-*modules is exact in *Mod n x- 

In particular, if A is noetherian (for example a *field), then the functor N from coherent Ox-modules 
to *coherent OArx-*inodules is right exact. 



Proof. This follows from [EGA IV^ 8.5.6] and the construction of N . q.e.d. 



5.4. Proposition. For 71 € Mq, we have N Ox = O^x- 



Proof. Since N is additive, we only have to consider the case n = 1. Because A is a *ring, we have a 
canonical morphism of * rings *Wi ^ A and hence a canonical morphism / : X/A -^ Spec(*Z)/*Z in 
Scft}'^. Then Ox = f*Ospcc {-:£}, so 



NOx^{NfrNOsp,ci'Z) = {Nf*)NTOsp,c(Z) = (^/)*0.spcc(z) - Oxx- 



q.e.d. 



5.5. Corollary. Let £ be a vector bundle of rank n G Mo on X. Then A^ E is a *vector bundle of rank 
non NX. 



Proof. This follows immediately from l5.4l q.e.d. 



5.6. Lemma/ Definition. For an Ojvx-*niodule f , sending a quasi-compact open subscheme U oi X 
to f {N U) defines an abelian sheaf N^.f on A" . In this way, we get an additive functor N^, from *Mod x x 
to the category of abelian sheaves on X. 
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Proof. First of all, N^,!f is clearly an abelian presheaf on the category of quasi-compact open subsets of 
X, because A^ is a functor from that category to the category of *open *subschemes of NX. By 14.51 
such a presheaf defines a sheaf on X, provided the sheaf-condition with respect to finite, quasi-compact, 
open coverings is satisfied. 

So let U C X be quasi-compact and open, and let [/ = [/i U . . . U C/„ be a finite, quasi-compact, open 
covering of U. Then bv 14.71 [NU] = [N Ui] U . . . U [N Un] is a *open covering of NU, which is internal 
because it is finite. By transfer, since ^ is a OArx-*inodule, we get the following exact sequence (of 
abelian *groups): 

n n 

^ f {N U) -^ *Y[!r {N a,) ~-^ * Y[!F {NU, DNUj). 

2=1 ij = l 

But n is finite, and finite *products are simply products, so we get the following sequence of abelian 
groups 

n n 

^ [N,T]{U) ^l[[N,f]{U,) ^ II [N,f]{U,^Uj), 
^—1 ^li— 1 

which is just the sheaf condition we wanted to prove, so N^ff is indeed an abelian sheaf on X. 
Finally, since iV is a functor, we really get an additive functor A^» as desired, q.e.d. 



5.7. Definition. Since N^On x is a sheaf of rings on X bv l5.6l we get a ringed space 

X:={X,0j^):={X,N,0nx), 

and from now on, we want to consider N^ as an additive functor from *%{od jq x to Mod -^. 

liU — Spec [B) is an afhne, open subscheme of X, then we have a canonical morphism of A-algebras 

Ox{U) ^B^^NB^ Onx{NU) = 0^(f/), 

which is functorial in f7 by Q, i.e. we get a morphism of sheaves of rings a : Ox ~^ O-^ on X and hence 
a canonical morphism of ringed spaces a* : X —^ X, which in turn defines a canonical additive functor 
cr» : Mod j^ -^ Mod x- We denote the composition 

Mod N X ~~~^ Mod y —^ Mod X 

by 5. 



5.8. Proposition. The functors N^, : *Mod xx -^ Mod j^ and S : *Mod x x -^ Mod x are left exact, 
and their restrictions to * ClPofix x ^'"^ exact and faithful. 



Proof. The functor a^, : Mod -^ —f Mod x is exact and faithful, because it is the identity functor on the 
underlying abelian sheaves, so if S is left exact respectively exact and faithful, so is iV*. 

Let Q ^r f' ^ f ^^"^Obean exact sequence of OAfx-*niodules. If [/ is a *open *subscheme of 
NX, then by transfer the sequence 

^ f'{U) -^J{U)—^ f"{U) 

is exact (in the category of internal OArx(t^)-niodules and hence in particular in the category of abelian 
groups), which proves that S is left exact. 

Now let 7' T f and 'j" be *quasi-coherent. Let x € X be an arbitrary point, and let t^ G \S7"\x 
be an arbitrary element in the stalk. There is an affine open subscheme U oi X with a local section 
tu G ['S' J"](t/) which represents t^. Since 7' , f and j' are *quasi-coherent and since N U is *affine, it 
follows by transfer that 

— > !F'{NU) — > f{NU) — > f"{NU) — >Q 

is exact, so that there is a preimage sjj G f {NU) — [S f]{U) of tjj which then represents a preimage 
Sx G [S j]x of tn^. This shows that S is also right exact and hence exact. 

Now let ^ — > C^ be a morphism of *quasi-coherent OArx-*modules with S (p = Q. For faithfulness, 
we have to show Lp — Q. Choose a finite affine open covering X — f/i U . . . U C/„ oi X. Then [NX] = 
[NUi] U . . . U [NUn] is a finite *affine *open covering bv 14.71 and it suffices to show (p\xUi = for 
all i G {1, . . . ,n} or equivalently — because f and g are *quasi-coherent — fNUi = for all i. But 
'fiNUi = ['S'¥'];7i = 0, and we are done, q.e.d. 
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Let f and g be Oat j^-^modules. Then N induces a canonical morphism 
(8) N,J{omo^Af,Q)^^°"^o^{N.f,N,g) 

of Oj^ modules by 

[N^J{omo„Af,g)\{U) =YLoiTYo„u{f\NU,g\Nu) 

^^omo,,{N^f\u,N^g\u) = [^cmo^{N,f ,N,g)\{U) 
for quasi-compact, open subschemes U oi X. 

5.9. Proposition. Let ^ be a finitely presented Ox-module, and let g be an OArx-*niodule. Then the 
canonical morphism (for N f and g ) 

N,^om o^^iNT,g) — > ^om o^ (N.N 7 , N,G) 

of Oj^-modules is an isomorphism. Taking global sections, this in particular implies that 

Homo„ ^{N7,g)^ Homo^ {N^N J ,N,g) 
is an isomorphism. 



Proof. The question whether a given morphism of sheaves on X is an isomorphism is local on X, so we 
can assume that X is afBne. If ^ = Ox, then N !F = O'^ x and N^N f = O^, i.e. ^Hom-Ofj ^{N f , g) 
is canonically isomorphic to g"' (by transfer), and iHomo- {N^,N f ,N^G) is canonically isomorphic to 
N^^g"-, so that the statement is obviously true in this case. 

In the general case — since X is affine — there is a finite presentation 

Ox — 'O'}^ — >!F — > 

of f , which fbv l5.3l and l5.4ll induces an exact sequence 

Onx-^o'^.x-^NJ ^0 

of 07vx-*inodules and fbv l5.8|l an exact sequence 



Of — > Of — > N^N f 



of 0^-modules. Since the functors 



^omo - i-,N^,g) : Mod X -^ Mod x and 
N^ : * Mod NX -^ Mod X 

are left exact, we get the following commutative diagram of Oj^-niodules with exact rows: 

^N,9{omo^ANf,g) ^N,J{omo^AONX^Q) ^ ^*^'""o« x (0]^jf , ^ ) 



/3 



7 



>-^omo^{N^Nf ,N,g) >-:}{omo^{ol,N,g) ^:Homo^{o'^,N,g). 

According to the first case, (3 and 7 are isomorphisms. But then a must be an isomorphism as well, and 
we are done, q.e.d. 



Let f he & finitely Ox-module. Choose a subring Aq of A of finite type over Z, a scheme Xq of finite 
type over Ao and a finitely presented Oxo-module fo such that {f , X/A) is the puUback of {fo, Xq/Aq) 
along ip := An "-^ A. 
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Bv l3.4l and l5.2l we get the following diagram (where we put (p :— t^\ aVp\)'- 

7 Nf 
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'Jo 



The squares are cartesian (in Scfi ^ respectively !Mod on the left, in *SchF^ respectively *S\{od .^^ on 
the right), and we have isomorphisms f*7o ~~^ 7 and f*{*7o) -~^ ^^ f and their adjoints Jo ~^ f*f 

Now let Uq be an open subscheme of Xq, and put U ;= Uq 'X-Xo ^- We get an Oxn(^o)-liiiear map 
i^o(C/o) ^ [*fo]{*Uo) -^ [hNf]CUo) = [NT]{NU) = [SN!F]{U) = [f,SNT]{Uo) 

which is clearly functorial in Uq, so that we get a morphism of Oxo-niodules fo — > f^,SNf and hence 
— by adjunction — a canonical morphism of Ox-modules f — > S N f . 

This morphism is clearly functorial in f?' , so that we get a canonical morphism of functors 



(9) 




Modx ^ Modx 



SN 



and — again taking adjoints — a canonical morphism of functors 



(10) 




S^od^ J| SWorf"^. 



N,N 



5.10. Proposition. The canonical morphism of functors H10|l is an isomorphism. 



^Ox Ox 



Proof. Let J be a finitely presented Ox-module. We claim that the canonical morphism f 

N^,N J of 0^-modules (or of abelian sheaves on X) is an isomorphism. This claim is local in X, so we 

can assume that X is affine and choose a finite presentation 



'X 



'X 



7 



0. 



Bv 15.31 [5.41 and 15.81 we get the following commutative diagram of 0^-modules with exact rows: 

^7 ®ox Oi- ^0 



01 



01 



^01 



X 



N^Nf 



-^0. 



The first two vertical morphisms are obviously simply the identity, so the third vertical morphism must 
be an isomorphism, q.e.d. 
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5.11. Proposition. For any affine open subscheme U = Spec (B) of X, there is a canonical isomorphism 
of functors 



(11) 



9\{odx 



r[/(.)®BWB 



a^i 



TnuoN 



[NB]-Mod. 



Proof. Using @, composed with Tu, defines a canonical morphism of functors 



Mod^X 



*- Mod 




B-Mod 



*Mod 



[N B-Mod] 



and thus by adjunction the morphism of functors 111(1 . To see that this is an isomorphism, let ^ be a 
finitely presented Ox-module, and choose a finite presentation 

B™ — > B" — ^ O'iU) — > 0. 

Taking associated sheaves and applying N , we get an exact sequence of *finitely presented Oat c/-*modules 

By transfer, Fa? j/ : Mod ^u — > [A^i?]-Mod is exact, so we get the exact sequence of A^B-niodules 

NB"^ — >iVB" — > [N f]{NU) — >Q 
and hence the following commutative diagram of N i?-niodules with exact rows: 

B'^®bN B ^ B'^^bN B ^ f (U) (»bNB ^ 



NB^- 



/3 

^NB" 



[Nf]{NU) ^0. 



Since a and /3 are clearly isomorphisms, so is 7, and we are done, q.e.d. 



5.12. Corollary. The canonical functors 



(^Mod x) X *ModNx 

{f , g) 



are canonically isomorphic via 



Sets 
Homo„^(7V^,^) 
Homo^(fF,S'^) 

m 



Sip 



Tx,j,g :Homo„^(7V^,^)^Homo^(j,^^), {N 7 ^g\^\j ^^ S N f ^^ S g\ 



Proof. Let j?' be a finitely presented Ox-niodule, and let g be an OArx-*inodule. Then 

1^:^ ion adj. 

iiomo„^{Nf,g) = }Iomo.^{N,Nf,N,g) ^ Romoj^if (E)ox Ox,N,g) = Romox{f,Sg), 

and it is clear that the composition of these canonical isomorphisms is just Tx,f,g- q.e.d. 
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5.13. Remark. Note that the functoriality of the isomorphism from 15.1^ in particular imphes the fol- 
lowing: If fF — > fF' is a morphism of finitely presented Ox-modules, if ^ — > ^' is a morphism of 
Ojvx-*inodules, and if 



(12) 



N f — ^N;r' 



Q 



Q' 



is a diagram of O^vjc-* modules, then (|12|l commutes if and only if the corresponding diagram 



(13) 



7 



7' 



Tx.'f.gif) 



^X.T'.g'ia) 



Sg ^5^' 



of Ox-modules commutes. 



5.14. Corollary. Let f and g be two finitely presented Ox-modules. There is a canonical isomorphism 
of *finitely presented Oat x-modules 



^ 0^ ®0x ^] 



N f 



N f . 



Proof. For a quasi-compact open subscheme U of X, we have a canonical Ox(C^)-linear map 

f{U)®ox(u)Q{U)^[SNf]{U)®^SNox](u)[SNg]{U) 

= [Nf]{NU)®o^x{NU) [Ng]{NU) ^^ [Nf (g>o^,Ng]iNU) = S [N f ®o„^ iV ^] (C/), 

which is clearly functorial in U and consequently defines a functorial morphism of presheaves of Ox- 
modules 

U^f{U)®ox(u)giU)] ~^S[Nf ®o^xNg] 
and then, by the universal property of the associated sheaf, a functorial morphism of Ox-modules 

^ ®Dx ^ ^s[Nf ^o^xNg], 

which bv 15 . 121 and 15 . l^JI corresponds to a functorial morphism of Oxx-*modules 

(14) N[iF ®oxQ]-^Nf ®o:,xNg. 

To prove that p4l) is an isomorphism, choose a quadruple {Ao,Xo, fo, ^o)i where Ao ^^ A is a. finitely 
generated subring of A, Xq is an Ao-scheme of finite type with X = (p*Xo and fo and go are coherent 
sheaves on Xq with f = 'f*fo and g = ^*go- Then of course we also have ^*[fo ®ox Qa] ~ 7 ®ox Q 



and therefore (with Lp := t^ 



Ao.A 



M) 



N[f 



^Ox 



^v*{*fG)®o^xv{*Q^) =Nf ®o^xNg 

by construction of N . q.e.d. 



.fp 



-fp 



5.15. Corollary. The functor N : Mod x — > *Mod j^x induces a canonical group homomorphism 
N : Pic(X) — > *Pic{N X) between the Picard group of X and the *Picard group of NX. 



Proof. Bv 15.51 N sends line bundles to line bundles, so we get a map A*" : Pic(X) 
map is a group homomorphism bv l5.14l q.e.d. 



*Pic(A^X). This 
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5.16. Corollary, and let f and Q be two finitely presented Ox-modules with the property that the 
Ox-module Hom.Q^{j , (7) is also finitely-presented, which is for example the case if 

• fF is a vector bundle or 

• J and Q are coherent. 

Then there is a canonical morphism of *finitely presented OArx-*niodules 

(15) N-HomoAf .Q)^->{omo^A^ f .'^ Q) 

which is an isomorphism if ^ is a vector bundle. 



Proof. Look at the following canonical map of sets of morphisms: 



N 



wm 



Mor.„,„^fp^,(iV:Womo^ {f,g)®oj,j,Nf,Ng) 

-Mor.^^^^fp {N Mamo^if ,g),^omo^^{N iF ,N g)), 



and take the identity's image under this map to get (|15|) . 

Now let ^ be a vector bundle. Since the question whether (|15|l is an isomorphism is local, we can 
assume that f — Ox is trivial, and we have 

transfer 15.41 

Nlf{omo^{!r,g)'^Ng'' ^ UomNxiO'r^x^Ng) ^ llomNx{No'^,Ng) 
as desired, q.e.d. 



5.17. Corollary. For a vector bundle £ on X, there is a canonical isomorphism A^ (e ^) = {N E )^ 



Proof. This follows immediately from 15.41 and 15. l()l 
q.e.d 



iV(£^)=7Vitf<,mo,(£,Ox)^= ^omo^^iN^,NOx)^^omo,^iN'E,ONx)^{N'Ey. 



5.18. Proposition. Let n G 1N+ be a natural number, and let /c G Z be an integer. 

(i) Under the functor N , the invertible Op" -module Op" (fc) is mapped to the *invertiblc 0*p" - 

*module O-p^ ^{k). 
(ii) Let i : Y ^^ P^ be a closed immersion of finitely presented A-schemes, and let f he & finitely 
presented Oy-module. Then N \j (fc)] — \N f](k), where the twists are taken with respect to i 
respectively N i. 



Proof. Choose a finitely generated subring Aq '-^ A oi A and an Ao-scheme Xq of finite type with 
tp*Xo = X. Then ^*P^„ = P^, so 



TV (Op. (A:)) = 



;.Ao,AL 



O.pj (fc) = OA.(pj)(fc)'Po.p^^(A:), 



and this is *invertible bv 15. 51 for by transfer), so we have|(i)| 



For 



u) we get: 



rm . 



N \7 {k)\ =N[7 ®o^i* Op J {k)\ ''^^ [TV fT 



^Ony 



Tv[rop-^(fc)] 



(i) 



{^7X®o.Y (TV*)*[TVOp.(fc)] ^^{N7\*®o.Y (TVz)*[0.p.^(fc)] -[iV^](fc). 



q.e.d. 
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If Z is a finitely presented closed subscheme of X, given by a finitely presented sheaf of ideals / on 
X, then we know from 14.41 that A^Z is a *closed *subschenie oi N X. As final result in this section, we 
want to determine the relationship between N I and the *ideal on N X defining N Z: 

5.19. Proposition. Let Z be a finitely presented closed subscheme of X, given by a finitely presented 
sheaf of ideals /. Then the *closed *subscheme N Z oi N X is given by the *ideal Im (N I -^ On x)- 



Proof. Let N Z he given by the *ideal J on NX. li U C X is a. quasi-compact open subscheme of 
X, then the *closed *subscheme N [Z D U] of N U is given by J\nu, so we can assume without loss of 
generality that X is afhne, say X = Spec {B) for a finitely presented yl-algebra B. Then Z — Spec (B/b) 
for a finitely presented ideal b oi B, and / = b. 
Using HT51 we have 

N[B/b] = [NB]/*b = [NB]/b- [N B], 

so that N Z is given by the *ideal J = b ■ [N B] oi N X, and we have to prove that this *ideal equals 
Im (A^/ — > Onx) or — equivalently — that the global sections of these two *ideals agree (as ideals of 
N B). UsingEni this is easy: 



q.e.d. 



Im {N I -* Onx) = Im (Tnx[N l] -^ N B) *^ Im {b®B [N B] -^ N B) = b-NB ^TnxIj]- 



6. The case of varieties 

Let fc be a *ficld in *5^, i.e. a *ring which is an (internal) field. Then k is of course a noetherian 
ring, so that a fc-scheme X is finitely presented if and only if it is of finite type, and an Ox-module ^ is 
finitely presented if and only if it is coherent. 

6.1. Definition. We can consider "dimension" as a function dim : {schemes} — > {~oo} U ^o U {ooji 
so by restriction to Ob (5) and enlarging we get an induced function 

* dim : {*schemes} — > {-00} 11 *]No U {00}. 

For a *scheme X, we call * dimX the *dimension of X. 

For the proof of theorem 16.41 below, we will need the following results of van den Dries and Schmidt 
which we state here — in our notation — for the convenience of the reader: 

6.2. Theorem. (Lou van den Dries, K. Schmidt) 

Let / C k[Xi, . . . , Xn] be an ideal. Then 

(i) The ring homomorphism k[Xi] -^ k*[Xi] is faithfully flat, 
(ii) / is prime if and only if */ C fc*[Xi] is *prime or — what amounts to the same, since for an 

ideal being prime is clearly a first order property — prime. 
(iii) If pi, . . . ,pm are the distinct minimal primes of /, then *pi, . . . , *p,n are the distinct minimal 

primes of */ (in particular, all minimal primes of */ are *ideals, hence the notions of "minimal 

prime ideal of */" and "minimal prime *ideal of */" coincide). 
(iv) ^^ = *[x/7]. 



Proof Part[(i)]is |vdDS84[ 1.8], part[(ii)]is |vdDS84l 2.5], and parts |(iii)| and|(iv)|are |vdDS84l 2.7]; that 
van den Dries and Schmidt's formulation agrees with the one given here follows immediately from ITFI 
q.e.d. 



6.3. Corollary. Let A be a /c-algebra of finite type. Then aA : A ^ N A is faithfully flat. 
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Proof. Let A = k[Xi, ..., Xn]/i. Then 

<JA = ak[x,] ®kix,] k[X,]/l : A = k[X,]/ 1 -^ k*[X,]/ 1 ■ k*[X,y^'k*[Xi\/* I = N A, 

and cuXi] ^^ faithfully flat bv lG.ljri)] so a a — as a base change of crklxA — niust be faithfully flat as well. 
q.e.d. 



lOl, 



6.4. Theorem. Let X be a scheme of finite type over k. 

(i) X is the empty scheme if and only if A^ X is the *empty scheme. 

(ii) *AvLaN X = <lua.X. 

(iii) X is reduced (irreducible, integer) if and only \i N X is *reduced (*irreduciblc, *integer). 
(iv) The functor TV from coherent Ox-modulcs to (the abelian category of) *coherent OAr^-modules 
is faithful and exact. 



Proof. If X = 0, then N X = *% by lTT|riii)| so let N X = *0. Let us assume that X ^ %. Then X 
contains a iiT- valued point for a finite field extension K/k, and applying N gives us an N iiT- valued point 
oiN X. UK = k[Xi,...,X^]/l\s'A finite presentation of K, it follows from l(i.f i)| that JV JC ^ k*[X,]/* I 
is not zero, so the existence of an N ii'- valued point oi N X proves the existence of a ^topological point 
of A^X, a contradiction to N X = *0. 

For 



Having settled (i) for (ii) and (iii) we can assume that X ^ 



according to which dim X = n is equivalent to the existence of a diagram 



(u)] we use |E(JA IV2I 4.1.2], 



U^ 



X 



of fc-schemes of finite type with an open immersion j and a finite and surjective /. But then (ii) follows 
from 14.41 an d from the transfer of |EGA IV2I 4.1.2]. 

For (iii) note that we only have to prove the claim for " reduced" and " irreducible" , since " integer" is 

Spec(fc[Xi,, 



just the conjunction of those two. 

Let us first consider the case where X 



X reduced 



/// 



(0) 



,Xn]/l) is affine. We have 



^■k*[X^]/l-k*[X,]^{{)) 



■[^=*I 



*I ="1 



NX * reduced 



and 



X irreducible -<=> / has exactly one minimal prime ideal 

•3-> **/ has exactly one minimal prime *ideal <=^ NX ^irreducible. 

In the general case, let (Uj)j^j be a finite open covering of X by affine schemes Uj which are not empty. 
The scheme X is reduced if and only if the Uj are reduced, which we have just proven to be equivalent 
to the N Uj being *reduced, which in turn is equivalent to N X being *reduced bv 14.71 and transfer. 

Let X be irreducible. Then all Uj are irreducible, and their intersection is an open non-empty sub- 
scheme of X. Then by|(i)| the * scheme 



is not *empty. Since we already know that the N Uj are *irreducible and therefore *connected, this 
implies that N X is *connected. 

Assume that N X is *reducible. Since N X is *connected, there must be a *topological point of N X 
where two *irreducible components of N X intersect, and since the N Uj cover NX, this *topological 
point lies in one of the Uj which consequently can not be *irreducible, a contradiction. 

Now let N X he *irreducible, and assume that X is not irreducible. Since N X is *irreducible, the NU 
are *irreducible, and their intersection is not *empty, so by (i) andl4.]|li)] the scheme X is connected. 
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Reasoning as above, we see this implies that one of the Uj is reducible, which contradicts the fact that 
the N Uj a re *irreducible. 

For |(iv)| we have to show that a short sequence of coherent Ox-modules 

— > y^' — > f — > f" — >0 

is exact if and only if the induced sequence of *coherent On jf-modules 

— > N!F' — > N!F — > Nf" — *0 

is exact, which bv l5.8l and l5.1()l is equivalent to the exactness of 

— > f'®ox Ox — ' f ®ox Ox — * f" ®ox Ox — ' 0. 
Taking stalks, it is enough to show that for every point a; G X, 

— > ^.' ^ J. — > fl' -^ 
is exact if and only if 

-^ fl ®ox.. Ox^^ -^ 7 ®ox,. Ox,^ -^ 7" ®0x.. Ox,^ -^ 
is exact. But since 

Ox,x= 1H5 Ox{U)= lim N[Ox{U% 
xeucx x£ucx 

where the limit is taken over all affine neighborhoods of x in X, we see from Ifi .31 that Ox,x — > Ox ^ is 

faithfully flat, and the claim follows, q.e.d. 



6.5. Corollary. Let X be a fc-scheme of finite type, and let !F and g be coherent Ox-modules. Then 
the canonical morphism H15|l is an isomorphism: 

N ^omoxif ,Q) -^ ^omo^xiN ^J" ^N g). 
Proof. Since the question is local, we can assume that there exists a global presentation 

o" ^ 03^ ^ ^ ^ 0, 

and since N is exact bv 16.^1 iv)] the functors N y{omoxi-T Q) ^^d 9{omo^ x{^ -^^ Q) from Cokx to 
*CoHn X are both left exact, so that we get the following commutative diagram with exact rows: 

^N:Homox{f,g) ^NMomox{0'Ji,g) ^ N :Hom oxio"^ , g) 



I 1 



^ 9{om o^xiN!r,Ng) ^ Mom „„ ^ (TV 0^ , iV ^ ) ^ :Hom o^xiNO^,Ng) 

with the vertical morphisms given by (|15|l . Bv l5.16l both /3 and 7 are isomorphisms, so a must be an 
isomorphism as well, q.e.d. 



6.6. Corollary. Let X be a fc-scheme of finite type, and let Z he a. closed subscheme of X corresponding 
to a sheaf of ideals I on X. Then the * closed * subscheme N Z oi N X is given by the * ideal N I . 



Proof. According to l5.19l A^ Z is given by the *ideal Im {N I -^ Om x)- But / -^ Ox is a monomorphism 
and N is exact bvl6.^fiv)j so N I '-^ On x, and the corollary follows, q.e.d. 



6.7. Lemma. Let A be a finitely generated fc-algebra, let / be an ideal of A^ and let f E A. Consider 
the ideals (/ : /") := {a e A\ af" G /} (for n e 1N+) and (/ : /°°) := U„g]n+(^ • /") of ^- Then 

(16) Vne]N+ :(/:/")• iV A = (/ -A^A:/") 
and 

(17) {l:f°°)-NA^ *\J {I -NA: f")^{l -NA: f°°). 



ne*IN 



+ 
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Proof. By definition, the diagram 



(/ : /") 



-^ / 



A 



is cartesian in the category of ^-modules for every n e fi+ . Since A -^ N Ais (faithfuUy) flat bv l().3l this 
imphes (|l()|l . For H17|) note that (/ : f°°) is finitely generated, because A is noetherian. Consequently, 
there is an TV e IN+ with (/ : /^) = (/ : f^+^) and hence (/ : /") = (/ : /^) for all n > TV and 
(/ : D = (/ : /^). Then 

{l-NA:f^)^{l:f^)-NA=il: f^+^) -NA^ (l-NA: f^+^), 
and hence {l ■ N A : /") ^{l ■ NA: f^) for aU *]N+ 3 n > N by transfer — so lO holds, q.e.d. 



6.8. Proposition. Let X be a fc-scheme of finite type, let F C X be a subscheme, and let F C X be the 
scheme theoretic closure oiY m X. Then A^F is the *scheme theoretic closure oi NY in N X. 



Proof, li U C X is an open subscheme, then Y (lU, the closure oiYnUinU, equals Y fMJ. Therefore 
we can assume without loss of generality that X = Spec (^) is affinc and that Y — Spec (A//) n 
D(/i) n ... n D(/„) for an ideal I C A and elements /i,...,/„ e A. Then Y = Spec(A/j/) with 
J7 = nr=i ker[A ^^ AfJlAf^] . For any / e A, we have 

ker[^ ^ Af/lAf] ^ {a e A\ 3n e IN+ : /"a e /} = (J (/ : /") = (/ : /°°), 

n=l 

SO J/ = ljr=i(^ ■ fi°)- -"^^t y C A^ A be the *ideal corresponding to the *schema theoretic closure of iVF 
in NX. By transfer, we have 

n n 

y ^f]{l-NA:fn = r\{l ■fn-NA = j-NA, 



i=l 



SO [N A]/j = A^ [^/J?], and we are done, q.e.d. 



6.9. Proposition. Let X be a fc-scheme of finite type, let F C X be a closed subscheme, and let 
f : Z ^ Xhe the blow-up of X in Y. Then A^ / : iV Z -^ A^ X is the *blow-up of A^ AT in A^ F . 



Proof. First note that A^F is a *closed *subscheme of A^ AT bv 14.41 so the statement makes sense. Next, 
by [EGA iVTI 8.8.2, 8.10.5] there exist a finitely generated subring ko of k, a fco-scheme Xq of finite type 
with X = Xq Xko k and a closed subscheme Yq of Xq with Y = Yq Xk^ k. 

Let Zq -^ Xq be the blow-up of Xq in Yq, and let W be the cartesian diagram of fc-schemes 

W^ 



(18) 



A:\rc 



■ X Xx„ Zq ■ 



X 



Zo 



-^Xo. 



li Z :— W denotes the scheme theoretic closure oiW in X Xxq Zq, then f := Tr\z ■ Z ^ X is the blow-up 

of X in Y (compare JEHOO, IV-21]). 

Applying the functor A^ to the left square of H18|l and using in|li)| and [4.81 we get a cartesian square 
of fc-*schemes 

NW^ y[NX] x,x„*Zq 



[N X]\ [NYf- 



Nir 



^NX, 

and by transfer, the *blow-up of A^ A" in A^ F is the *scheme theoretic closure of A^ VF in [A^ AT] x.^o * Zq. 
But according to 16.81 this is just NW — N Z, which completes the proof, q.e.d. 
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6.10. Definition. For every field if, every iiT-scheme X and every iiT-rational point x S X, we have the 
iT-vector space Tx,x, the (Zariski) tangent space of X at x, defined as the if-dual of m-j^/tn^. 

By transfer, for every *field K, every *schenie X over K and every iiT- valued point a; of X, we thus 
have an internal ii'-vector space Tx,x which we also call the (Zariski) tangent space of X at x. 



6.11. Proposition, let X be a fc-scheme of finite type, and let x G X be a /c-rational point. Then N 
induces a canonical functorial fc-isomorphism of Zariski tangent spaces 



N : Tx^x 



T 



NX,Nx- 



Proof Identify x with a fc-morphism x : Spec (/c) -^ X, and let e : Spec (/c) —> Spec (fc[e]/e^) be the 
/c-morphism induced by sending s to zero. 

It is well known that there is a canonical functorial isomorphism of /c- vector spaces 

(19) Tx,x^{teX{k[e]/e^)\e*t = x}. 

By transfer, we get a canonical functorial isomorphism of internal /c-vector spaces 

(20) Tnx.Nx = {te iNX){k*[e]/s^) \ [N eyt = Nx}. 

But bv 14. 161 we have k*[e]/e'^ — k[e]/e^, and we get the following commutative diagram of sets: 



X{k[e]/s^)^ 



N 



{NX)ik[e]/s^)^ 



(N( 



-^X{k) 

I N 

(Nxm, 



where the vertical maps are bijections because of l4.13l From this, H19|l and (|20|) the claim immediately 
follows, q.e.d. 



6.12. Corollary. Assume that k is *algebraically closed, and let X be a fc-scheme of finite type. li N X 
is *nonsingular, then X is nonsingular. 



Proof. Let d := dimX, and let a; g X be a closed point. Since k is *algebraically closed, k is externally 
an algebraically closed field, and x is a fc-rational point. Since N X is *nonsingular of *dimension d (by 
[ii)[ |, the tangent space Tnx.Nx has ^dimension d, and the tangent space Tx,x has dimension d by 
This shows that all tangent spaces of X at closed points have dimension d, which means that X is 
nonsingular. q.e.d. 



6.13. Proposition. Let X be a fc-scheme of finite type, and let Y and Z be two subschemes of X. If 
NY ^ NX factors through N Z ^ NX, then Y ^ X factors through Z ^ X. In particular, ii NY 
and A'^ Z are the same * subschemes oi N X, then Y and Z are the same subschemes of X. 



Proof. Factor Z^->-XsisZ^-fV^^X with a closed immersion iz and an open immersion jz- We 
claim that Y ^^ X factors through jz'- Equip Y\V with its reduced structure and consider the cartesian 
diagram 

0f ^Y\V 



V- 



X. 
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Applying A'^ and using 14. ]|l ij| and [4. ]|l iii)| we get a cartesian diagram 

(21) $^ ^ N[Y\V] 



NV^ 



■^NX. 



Nj 

li Y \V was not empty, then N [Y \V] also would not be empty by IB.^I.i)! But a *point of A^ [F \ V] is 
a point of A^F which — because (|21ll is cartesian — is not a point oi NV, a contradiction to the fact 
that NYCNZCNV hy assumption. 

So without loss of generality (by replacing X with V), we can assume that Z is a closed subscheme 

lY JY 

of X. Factoring Y^^X as Y^^U^^X with a closed immersion iy and an open immersion jy and 
replacing X with U and Z with Z DU, we can furthermore assume that Y is also a closed subscheme of 
X. 

Finally, since the question is local on A, we can assume that X = Spec {A) is affine and that Y and Z 
are given by ideals / and J of A. By assumption, wc have J ■ N A C i ■ N A, and using l?OI we conclude 



y ^ An[y ■ N A] c An[l ■ N A] = I. 



q.e.d. 



6.14. Remark. Let C be a category with fibred products and a terminal object T, let X and Y be two 
objects of C and let f,g : X —^ Y he two morphisms. Then the equalizer 



Eq(/,ff)' 



oq(/,g) 



-^X 



of / and g exists — it is given by the cartesian diagram 

cq(/,s) 



(22) 



Eq(/,ff) 



Y 



/ 



{Iy,Iy) 



■■>-X 

Y XtY 



Y 



6.15. Lemma. Let iS be a scheme, let X and Y be two S'-schemes, and let f,g : X 
5'-morphisms. Then the equalizer 



Y be two 



Eq(/,ff) 



cqif.g) 



f 



X 



Y 



of / and g exists in the category of S'-schemes and is an immersion. 



Proof. The category of S'-schemes has fibred products and the terminal object S, so the equalizer of / 

and g exists bv l6.14l 
an immersion, q.e.d. 



and g exists by 16.141 It is an immersion by the construction given in H22I) , because Y — > Y XgY is 



6.16. Corollary. The functor A^ : 5cA* — > *5c^* is faithful. 



Proof. Let X and Y be A:-schemes of finite type, and let f,g : X ^ Y he fc- morphisms with A^ / = N g. By 
16.161 / and g are equal if and only if Eq(/, g) equals X as subschemes of X. By assumption, Eq(A^ /, A^ g) 
is the *subscheme A^ A of AX, and Eq(A^/, A^g) = AEq(/,g) bv l4.]|ri)| so the claim follows from lHTH 
q.e.d. 
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Let S* be a noetherian scheme, let X/S be projective with very ample sheaf 0(1), let ^ be a coherent 
sheaf on X, and let P S Q[t] be a rational polynomial. Then we have the Quot-scheme Quoty- /jj-/^, 
projective over S, which represents the contravariant functor T i-^ Quot {!Fxxst/Xt/T) that maps a 
locally noetherian 5-scheme T to the set of those quotients fxxsT -» §^ with g flat over T and Hilbert 
polynomial P in every fibre t G T (compare |FGAI 221.3]). 

By transfer, for a *noetherian *scheme S, a *projective S'-*scheme X with *very ample *sheaf 0(1), 
a *coherent *sheaf J" on X and a *polynomial P £ *Q*[t], we have a canonical *projective S'-*scheme 
*Quotjr /x/s which represents the enlarged functor T h^ *Quot {Jx-kst/ Xt/T) on *locally noetherian 
S'-*schemes. 

In the special case J = Ox, the Quot-scheme Quot^^ /^/^ is called the Hilbert scheme and denoted 
by Hilbx/5 (i^^ T- valued points correspond to closed subschemes of Xt which are flat over T and have 
Hilbert polynomial P in every fibre). — Similarly, we call *Hilbj(-;5 := *Q'^oiox/x/s ^^'^ *Hilhert scheme. 

In the following proposition, we want to show that the formation of Quot-schemes and Hilbert schemes 
is compatible with the functor N : 

6.17. Proposition. Let X be a projective /c-scheme with very ample sheaf 0(1), let f he a. coherent 
sheaf on X, and let P G Q[i] be a rational polynomial. 

(i) We have A/^Quot^r/x/fc = *^^'^^n t /n x/k ^'^d i^ particular AHilbwj. = *HilbjYx/fe: where P 

is considered as a *polynomial via Q[i] ^-s- *Q*[i]. 
(ii) Let T be a fc-schemc of finite type, and let / : T ^ Quot^ /Jf/fc ^^ ^ T- valued point, corresponding 

to a quotient ip : ^Fxx^t —>* Q ■ Then [N f], which is a [iVT]-valued point of *Quot^ ^^ /jyx/fe by 

[(i)j corresponds to the quotient [iV ^ ] [jv x] x & [at t] ->* N G. 

In particular, if 5 : T ^ Hilbjsf/j. corresponds to the subscheme Z C X x^ T, then [N g] 

corresponds to the *subscheme [N Z] C [N X] Xk [NT]. 



Proof. By |EGA IV3I 8.5.2, 8.8.2, 8.10.5], there exist a finitely generated subring Aq of k, a projective 
Ao-scheme Xq with X = Xq x^^ fc and a coherent sheaf fo on Xq with [Aq ^^ k]* Jq = f . 
Then Quot^/x/fc = Q^iotjo/^oMo ^^0 k, and putting a := r^^io.fcl^o ^ k] : * Aq -> k, we get 

N Quot^/x/fc'P'a* (* [Q^Ot^^,/Xo/Ao] ) = «* [*Quotfy„/.Xo/*Ao_ 

_ *o i-P 13.415.21., p 

which settles |(i)| 

By |EGA IV3I 8.8.2], after a possible change of Aq, Xq and iFo, we find an Ao-scheme To of finite 
type with T = Tq XAo k and an Ao-morphism fa : Tq -^ Q := Quot^^/^^/^^ with [^0 ^ fc]*/o = /■ 
Let !Fxoxa Q ~^ (^""'■^ be the universal quotient. Then /o corresponds to the quotient [!ro]xoXA To ~** 
[Ijfo X /o]*^?""'^ =: Qo, and / corresponds to the quotient tp : !Fxx^T -^ [Aq ^^ fc]*C?o = (7. So 

N g^a* {* go) ^ a* [*[[txo x /o]*^""'^]) "^ [1a a x [A^ /]]* (a* (*^ """)), 

and since [A^i?'][jvx]xfc*Quot^ ~^ «*(*§■ ""'^) obviously is the universal quotient, this proves (ii) 

q.e.d. 



6.18. Corollary. Let A be a projective fc-scheme with very ample sheaf 0(1), and let f?' be a coherent 
Ox-module. 

Then the Hilbert polynomial of J (with respect to 0(1)) coincides with the *Hilbert polynomial of 
N f (with respect to A^ 0(1)) in *Q*[t]. 



Proof. Denote the Hilbert polynomial of f hy Pyr e Q[t] C *Q*[i]. If !F corresponds to the fc-valued 
point / of Quoty^^,^, then N f cc 

to l6.1^ii)| But by its very definitic 
Pf e *Q*M, so we are done, q.e.d. 



ij p 

point / of Quot 'y^,^, then N y^ corresponds to the fc-valued point [N f] of *Quotx^nr /jvx/fc according 

to lfi.filt ii)] But by its very definition, *QuotJ' y^^^,, parameterizes sheaves with *Hilbert polynomial 
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6.19. Theorem. Let X be a projective fc-scheme with very ample sheaf 0(1), and let ^ be a *coherent 
*sheaf on NX. Then the following two statements are equivalent: 

(i) There is a coherent sheaf y{ ox\ X with N :H = g . 

(ii) There is a coherent sheaf f on X, such that g^ is a quotient oi N f , and the *Hilbert polynomial 
of g (with respect to iV 0(1)) lies in Q[t] C *Q*[t]. 



Proof. The implication ' (i) ^ (ii) ' is easy: We can simply put J' := 9{ , and bv 16.181 the *Hilbert 
polynomial oi g = N J{ equals the Hilbert polynomial of y{ and consequently lies in Q[i]. 

C *Q*[i] be the *Hilbert polynomial of g. Then TV ^ 



For ' 



ii 



let P e 
to a fc-valued point g of * Quot 



g corresponds 



N T IN Xjk- 



Since 



Quot 



7 IXjk 



(k) 



N 



N Quot 



■i/x/k 



(k) 



"Quot^^/jVAT/fe 



(fc) 



is bijective bv l4.13l there exists a fc-valued point h of Quotjr /x/k with g = N h. Ii f 
given by h, then N ^ = g bvl6.1^hi)| q.e.d. 



^ is the quotient 



6.20. Corollary. Let X be a projective fc-scheme with very ample sheaf 0(1), and let Z he a *closed 
*subschemc of NX. Then the following two statements are equivalent: 

(i) There is a closed subscheme W oi X with NW = Z. 
(ii) The *Hilbert polynomial of Z (with respect to N 0{1)) hes in Q[t] C *Q*[i]. 



Proof. This follows immediately from 16.1^ applied to the special case g := Oz and ^ := Ox- q.e.d. 



6.21. Corollary. Let X be a projective fc-scheme with very ample sheaf 0(1), and let Z be a *closed *in- 
tegral *subscheme (i.e. a *prime cycle) oi N X that has finite *degree (with respect to [Z ^> N X]*0{1)). 
Then there exists an integral subscheme (i.e. a prime cycle) W oi X with NW = Z. 



Proof. As Z is a subscheme of NX, we have *dimZ < *dhaN X' J^ ' ^dunX, so Z is a *projective 
*integral *scheme of finite *degree and oi finite *dimension. Then transfer of jSGA 61 XIII.6.11(i)] shows 
that the *Hilbert polynomial of Z has finite coefficients and consequently lies in Q[t] C *Q*[i], and the 
corollary follows from 16. 201 q.e.d. 



6.22. Corollary. Let n e 1N+, and let Z he a *integral *closed *subscheme of *P5! of finite *degree. 
Then there is an integral closed subscheme W of P^' with NW — Z. 



Proof This follows immediately from ESU for X := P^ and 0(1) := A^Op..(l). q.e.d. 



Let 5' be a scheme, and let / : A" ^ y be an S'-morphism. Then the graph of f is the S'-morphism 

(Ix,/) 



Tf.X 



X XgY. It is easy to see that the diagram 



X 



Y 



-^X XsY 



a 



/xl 



{lY,tY) 



^YxsY 



is cartesian, which shows that Tf is an immersion (and can hence be considered as a subscheme oi X x sY , 
isomorphic to X), which is closed if Y/S is separated. 

Now let S he noetherian, let X and Y he projective S'-schemes with X/S fiat, let 0(1) be a very ample 
sheaf on X xsY, and let P e Q[t] be a polynomial. Consider the functor T i-^ llorng{X,Y){T) that 
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maps an S'-scheme T to the set of those T-morphisms f:XxsT^YxgT whose graph Tf ^^ X XgY, 
a closed subscheme since Y/S is separated, has Hilbert polynomial P with respect to 0(1). 

It is well known (compare Kol96, I.l.lO]) that this functor is represented by an open subscheme 
Ilom.g{X,Y) of HilhxxsY/s^ where llouig{X,Y) ^^ Hilh^x^Y/s i^ given by sending a morphism to its 
graph. Similar to the case of Quot- and Hilbert schemes, the formation of }lonig{X,Y) is compatible 
with the functor N in the following sense: 

6.23. Proposition. Let X and Y be projective fc-schemes, let 0(1) be a very ample sheaf on X x^ Y, 
and let P £ Q[t] be a rational polynomial. 

(i) We have Nlloin^{X,Y) = *}ioini. {N X , N Y) , where P is considered as a ^polynomial via 

(ii) Let T be a A:-scheme of finite type, and let / : T ^ Hom^, {X,Y) be a T-valued point, corre- 
sponding to a T-morphism g: Xx^T^Yx^T. Then [N f], which is a [iVTj-valued point of 
*Homf(7VX,7Vy) by[(i)l corresponds to the morphism [N g] : N X*XkNT ^ NY*XkNT. 



Proof. This is completely analogous to the proof of l6.17l q.e.d. 



6.24. Theorem. Let X and Y be projective fc-schemes, let 0(1) be a very ample sheaf on X x^, Y, and 
let g : N X ^ NY he a morphism of fc-*schemes. Then the following two statements are equivalent: 

(i) There is a fc-morphism f : X —> Y with N f — g. 

(u) The *Hilbert polynomial of the *graph of g (with respect to A^ 0(1)) hes in Q[t] C *Q*[i]. 



Proof. This follows from 16.2!^ in the same way as 16. 191 follows from 16.171 q.e.d. 



6.25. Corollary. Let X and Y be projective /c-schemes with X integral, let 0(1) be a very ample sheaf 
on X x^Y, and let g : N X —^ NY he a morphism of fc-*schemes whose *graph has finite degree (with 
respect to A^ 0(1)). Then there exists a fc-morphism f : X ^ Y with N f = g. 



Proof. By transfer, the *graph *Tg oi g is isomorphic to iVX and hence *integral. Then bv l6.21l there is 
a closed subscheme T oi X XkY with NT = *rg, and it follows from 16. 201 that the *Hilbert polynomial 
of *Tg lies in Q[i]. Then the corollary follows from 16.241 q.e.d. 



6.26. Corollary. The restriction of TV : 5c/ijf — > *5cAjf to the full subcategory of projective fc-schemes 
reflects isomorphisms. 



Proof. Let f : X ^ Y he a morphism of projective fc-schemes such that N f is an isomorphism with 
inverse g : NY ^ N X. Choose a very ample sheaf 0{l) on X XkY. Ut: YxkX^XxkY denotes 
the transposition, t*0(1) is a very ample sheaf on Y Xk X. Let P G Q[i] be the Hilbert polynomial 
of Tf with respect to 0(1), which bv 16.181 is also the *Hilbert polynomial of *Tn f, the *graph of N f, 
with respect to N 0(1). If follows from transfer that the transpose [A^T]*[*rAr/] is the *graph of g and 
that its *Hilbert polynomial with respect to A^ [t*0(1)] equals P. Thus bv 16.241 there is a fc-morphism 
g :Y -* X with N g = g. Now 

N[fog]^[Nf]o [Ng] ^ [N f]o g ^ t^^y ^ N ty 

and 

N[gof]^[Ng]o[N f]^~go[N f]^tNx^Ntx, 

so / o 5 = ly and g o f = tx (because TV : ScH^ -^ *'S'^f^k is faithful bv l6.16|) . and we see that / is 
indeed an isomorphism (with inverse g). q.e.d. 
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6.27. Lemma. Let (p : B ^^ C he a finite, injective morphism of integral fc-algebras of finite type. Then 
N if : N B -^ N C is an injective, finite morphism of integral fc-algebras, and 

[Quot(iVC) : qviot{NB)] = [Quot(C) : Quot(B)] € M+. 



Proof. The (internal) /c-algebras N B and NC are integral bv I6.^f iii)] and N ip is injective and finite, 
because 



B^ 



-^C 



NB—-^NC 

N ip 



is cocartesian bv 14. 161 and because cts is faithfully flat bv l6.3l Since Quot(C) = C ®b Quot(i?) and 

Quot(7VC) = [NC] ®NB Qviot{NB)^^C®B Quot(iVB) 

= [C®B Quot(B)] ®Quot(s) Quot(7VB) = Quot(C) (»Quot(s) Quot(ArB). 
Using this, we get 

[Quot(A^C) : Quot(iVB)] = dimQ^^^^s) Quot(A^C) 

= dimQuot(AfB) [Quot(C) «)Quot(S) Quot(iVB)] = dimQuot(s) Quot(C) = [Quot(C) : Quot(B)], 
and this degree is of course finite, because ip is finite, q.e.d. 



6.28. Proposition. Let f : X ^ Y he a morphism of integral A:-schemes of finite type. Then / is 
birational if and only ii N f : N X ^ NY is *birational. 



Proof. Assume first that / is birational. Then by definition, there is a commutative diagram 





X 



f 

of fc-morphisms with open immersions ji and j2 • So 



NX 



-^Y 




Nf 



-^NY 



is a commutative diagram of A:-*schemes, where N ji and N J2 are *open immersions bv l4.4l which shows 
that N f is *birational. 

For the other implication, assume now that N f is *birational. Then N X and A^ Y have the same 
*dimension, and 16 . ^t n)] implies that dim A" = dimy. Let us first show that / is dominant: If it were not, 
there would be a non-empty open subscheme U oi Y and a cartesian diagram 




But then bv l4.]|ti)] 14.41 and 16. ^ti)| NU would be a non-empty *open *subscheme of A''y disjoint from 
[N f]{N X); this means that N f would not be *dominant and consequently could not be *birational — a 
contradiction. So ip is indeed dominant, and if we denote the generic points of X and Y hy ^ respectively 
77, then ^ is contained in the generic fibre A^. Since we saw above that dim A = dimF, we must have 

X, = {0 by iUTWil 4.L2(i)]. ,-^__, 

In particular, Xri/rj is of finite type and discrete, so by |EGA II 6.4.4] it is finite. Then by |EGA IV3I 
p. 6 and 8.10.5(x)], there is an affine, open, dense subset V = Spec (i?) C Y, such that f\ij : U ^r V 
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(with U := ,f^^{V)) is finite. Then U ~ Spec (C) is affine, and /* : i? — > C is a finite, injective morphism 
of integral fc-algebras of finite type. By hypothesis we have Quot(A^i?) ^ Quot(A^C), so 16.271 implies 
k{Y) — Quot(i3) ^ Quot(C) — k{X), which means that / induces an isomorphism of the function fields 
of X and Y and is therefore birational. q.e.d. 



7. The coherence theorem 

For any scheme X, sheaf of Ox-modules ^ and natural number i G Mq, we can consider the Zariski 
cohomology group H' {X, f). If X is an A-scheme for a ring A, then H* (X, f ) canonically carries the 
structure of an A-modulc. 

If / : X ^ y is a proper morphism of schemes and if fF is a coherent Ox-module, then we have the 
higher direct image Wf^,f, a coherent Oy-module by |EGA Ilfij 3.2.1]. 

By transfer, if X is a *scheme, f a ^finitely presented Ojf -module and i G *]No a *natural number, we 
get the * Zariski cohomology W{X, J ) which is an internal A- module if X is an A-*scheme for a *ring A. 

Similarly, if / : X — > y is a *proper morphism of *schemes and xi J is a *coherent Oj^-module, we 
have the *higher direct image R'/^fF , a *coherent Oy-module. 

7.1. Lemma. Let ^ be a *noetherian *ring, and let / : X ^ y be a morphism of *schemes over A. 
Then the left exact functor /, : *QfofLx — > *^odY factorizes over *Q,CoAy and admits a right derived 

functor R(/)* : D+(*QCoA^) > D+(*QjCo^y.). 

Furthermore, the class of flasque^ *quasi-coherent sheaves of Ox-*modules is adapted to /*. 



Proof. Let i? be a noetherian ring in ^, and let g : Z —^ W he a, morphism of finitely presented B- 
schemes. Then Z and g are quasi-separated (by |EGA IVTl 1-2.8]) and quasi-compact. It follows from 
|TT90I B.3] that ClCoH^ has enough injective objects and from |TT90[ B.6] that K^g^f is quasi-coherent 
for all quasi-coherent O^-modules ^ and all i S Mq. 

Furthermore, by |TT90I B.4], an injective object in QjOoH^ is also an injective (and hence flasque) 

11 

object of 9v[od z, so that the class of flasque quasi-coherent O^-modules is adapted to g^. 

Since all this is true for arbitrary B, Z , W and g, the transferred statements are also true, and the 
lemma follows, q.e.d. 



7.2. Lemma. Let ^ be a *noetherian *ring, and let / : X ^ y be a morphism of finitely presented 
A-schemes. Then the following diagram of exact functors between derived categories commutes (up to 
canonical isomorphism) : 

B+{*Qj:oftr,x) "^^^^ ^B+{*Qj:oh^Y) 



V)+{Modx) TTs ^ V>+{ModY). 



Proof. First of all, note that R[Af /]* exists bv l7.1l and that S : *ClPohf^ x ^ Mod x and S : *ClPohf^Y "* 
fModY are exact bv 15.81 

The composition S oR[A^/]^ is canonically isomorphic to R[S' o [TV/]*], because S is exact. The 
composition R/* o 5 is canonically isomorphic to R[/* 5*], because S is exact and obviously maps 
flasque *sheaves to flasque sheaves, which are adapted to /*. 

It follows immediately from the definition of S" , /* and [N /]* that S o [N f]^, — f^, o S , so we have 

S o R[A^/], ^ R[S o [Nf]4 = R[/* oS]^Rf,oS. 

*Notc that being flasque is obviously first-order and hence is the same as being *flasque. 
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q.e.d. 



Let fc be a *field, and let f : X — > y be a proper morphism of fc-schemes of finite type. 



7.3. Lemma. We have a commutative diagram of exact functors 

RfJV/l. 



J^^'CdCoftj.^f-^^D^CdCoftj.y 



D'^(5Wo<fx) — -^f — *- B^iMod 



R/. 



J^'^iColrx) 



Kf, 



^B^{CoIiy) 



Proof. Since X is finitely presented over a field, it is finite-dimensional, which implies that /* : QjOoUx ^^ 
QCofiy has finite cohomological dimension and hence induces R/, : D^{Qj^ofix) -^ 0*^(0,(^0/1^). 

Bv lS.^liiH and transfer, [N f]^ : *(l,Cotij^x ~^ *(I.Co^ny has the same finite cohomological dimension 
and induces R[iV/]» : 'D^{*QfofLpjx) ~^ D'^(*Q/7o/t^y). So the middle square is well-defined, and it 
commutes bv 17.21 

The bottom square is well-defined and commutes by |Har66l IL2.2] and |SGA 61 IL2.2.2], the top 
square is well-defined and commutes by transfer of |Har66l IL2.2] and |SGA 61 IL2.2.2.1]. q.e.d. 



7.4. Proposition. There is a canonical morphism of exact functors 

LORf, 



(23) 



B^iColrx) 




D^i^Mody) 



SoR[N f],oN 

which induces a canonical morphism of (5-functors 

(JVoR" /.)„£„„ 



(24) 



Cokx 



4 



*Cofi 



NY- 



(R"[A'/].oAr)„e„g 



Proof. Morphism H23(l is given by the following diagram in the 2-category of triangulated categories 

D'^(CoAy) 



Vi^iCohx 




D'^(*Co/iAry), 
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where the three 2-morphisms are given by lO and 17.31 (note that N : Cohx -^ *CofiN x) is exact by 
l6.|iv)| ). 

Applying H23|l to objects concentrated in degree zero (i.e. objects coming from Cohx) and taking 
cohomology gives us a morphism of (5-functors 



(R'V.) 



Cohx 




O^od^ 



(SoR"[Ar/],oAr)„e„^ 

Using [Q^ we then get the morphism from 124|) for a coherent Ox-module f and an n G Mq by 

That this is indeed a morphism of (5-functors follows immediately from the exactness of N , from 15.131 
and from the fact that tp is a morphism of (5-functors. q.e.d. 



7.5. Theorem. The canonical morphism of functors l|24(l is an isomorphism. In particular, A^R"/*^ is 
canonically isomorphic to R"[A^/]^7V^ for all coherent Ojf-modules f and all n G Wi. 



Proof. Because the statement is local in Y, we can assume without loss of generality that Y ~ Spec (B) 
is affine for a finitely presented A-algebra B. We split the proof in several cases: 



First consider the case where f : X — Py — > F is the structural morphism of projective d-space over 
Y. By |EGA Illij 2.1.15, 2.1.16], for any m,n € Z, we have canonical isomorphisms 

Oy[To,.. .,Td],„ ifn^O, 

R"/*Ox(m) = { Oy[To, . . ■,Tar-d-i-rn if n = d, 

otherwise, 



where Oy[To, . . . , Td] denotes the graded free symmetric algebra over Oy with generators Tq, . . . ,Td (so 
that its part of degree m is just the free Oy-modulc with basis the homogenous monomials of degree m 
in the Tj). Bv l3.7ll5.1qli)| and transfer, we have 

r ONY*[To,...,Td]^ ifn = 0, 

R"[A/]jA^Ox(m)] = J ONY*[To,...,TdZd-i-,n if « = rf, 

[ otherwise. 

Since a *monomial of degree m is the same as a monomial of degree m, and since A'^ respects duals by 
15.171 we see that NR^f^Oxim) = K^lN f]^[N Ox{m)] for all m and n. By additivity, the theorem is 
hence true for our special choice of / and for all fT of the form Oxi'mf for / G Mq and to G Z. 

As a next step, we prove the theorem for all coherent sheaves on Py by decreasing induction on n 
(this part closely resembles Hartshorne's proof of the "Theorem on Formal Functions" in Har93j): Since 
R"/* and R"'[A^/]^ both vanish for n > d, the theorem holds trivially in those cases. For the inductive 
step, assume that the theorem holds for all n' > n G Mq, and let f be an arbitrary coherent sheaf on X. 
By ^GA nil , 2.2.2(iv)], there exists an epimorphism g := Oxi'mf -» J for suitable I G Mo and to. G Z, 
so that we have a short exact sequence 







■H 







of coherent Ox-modules. Bv 17.41 we get an induced commutative diagram of ^coherent Oxx-modules 
with exact rows as follows: 



-^iVR"/,^ 



-^AR"/,^ 



^^J^n+lj^^ 



-^iVR"+V,^ 



NW'U^ 



R"[A^/] JA^^] ^ R"[Af /] jAf ^] ^ R"[A/] JA ^] ^ R»+i[A/] JA^^] ^ R«+i[A^/] JA^ ^] 
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By the first part of the proof, /3 and e are isomorphisms, and by our inductive hypothesis, S is an 
isomorphism. Then by the five lemma, since (3 and S are epimorphisms and e is a monomorphism, 7 is 
an epimorphism. 

Since ^ was chosen arbitrarily, this conclusion also applies to ^ , i.e. a is also an epimorphism. 
But then we can apply the five lemma again, using that a is an epimorphism and that /3 and S are 
monomorphisms, to conclude that 7 is a monomorphism and hence an isomorphism as desired. 



Having settled the theorem for projective space, we now consider the second case where f : X ^^ Y 
is a closed immersion, i.e. X = Spec (i?/b) for an ideal b of B. Since /» and [N f]^ are exact in this 
case (note that N f is a. *closed immersion bv l4.4|l . we only have to show N f^,M = [N f]^,[N M] for all 
B/b-modules M of finite type or — equivalently — that [N fM]iNY) ^ [[N f]4N M]]{NY). Now 

EH . 

[N f,M] {N Y) = [f,M] (Y) (gigNB^ M{X) ®b N B ^ M (^,3 N B 
C := B /b is a finite ring homomorphism) 



and (since B 



ion 



[[Nf]4NM]\{NY)^[NM]{NX) = M{X)(g)cNC 

= M ®c N C^^^M ®c (C ®bN B)^ M <. 
so the theorem is true for closed immersions as well. 



KWl 



NB, 



As a third case, we take an arbitrary projective morphism f : X ^ Y . Since Y is affine, it admits 
an ample bundle, which implies (see [EGA 111 5.5.4(ii)]) that there is a d G Mq for which / factorizes as 

x^r 

Ox-modules ^ and every n S Z, we have (because z, and [N i]^ are exact) 



Y — ' Y , where i is a closed immersion and n is the structural morphism. Then for every coherent 



2. case 



R''[NTT]^[Ni],Nf =R"[iV/],iVir, 



and the proof of this case is complete. 



Finally we consider the general case of an arbitrary proper morphism f : X —^ Y and imitate 
Grothendieck's proof of the finiteness theorem for coherent modules |EGA llITI 3.2.1]. Consider the full 
subcategory C of CoUx consisting of those coherent sheaves for which the theorem holds. We claim that 
C has the following properties: 

(i) C is exact, i.e. ii ^ f' ^ f -^^"^Oisa short exact sequence in CoUx and if two of the 

three sheaves f',f and f" belong to C, then so does the third (compare |EGA llJi| 3.1.1]). 
(ii) If a coherent O^-niodule f belongs to C , then every direct factor of f also belongs to C ■ 

Let Q -^ f' -^ f — >^"— >Obea short exact sequence as in (i) Applying the morphism of (5-functors 
(|24|l , we get the following commutative diagram with exact rows 



iVR"-i/*^' 



AfR"/*i^' 



■NR^'f^f ^iVR"/,^' 



-^iVR"+V*^' 



In-l 



On+l 



■ ■ • ^ R"-i [iV f]^N J" -^ R"[iV f]^N f'^W'[N f]^N j ^R^[N f^N fT " ^ R"+i[7V flN f'^--- 

If two oi f ' , f and J " belong to C , then for every n, two of a„, /3„ and 7„ are isomorphisms. The five 
lemma shows that then all a„, /3„ and 7„ are isomorphisms and hence f',f and f" all belong to C, 



which proves (i) 



For |(ii)| let fF be a coherent Ox -module in C , and let Ji be a direct factor of J . Putting J2 '■= 1 1 7\, 
we get a split short exact sequence 







7i 



f = 7l®f2 
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and hence for any n a morphism of split short exact sequences 



-^NW'Ufi >-0 



/3„ 



Q^R^[N flN ;ri^R''[N flN :F =K''[N flN f,(BR''[N flN :F2^R''[N flN :Fi^O 
with an isomorphism Q!„ /?„ (because ^ is in C ) . It foUows immediately that q;„ and /3„ must also be 



isomorphisms, i.e. fi and ^^2 also belong to C, which proves (uj 



In order to finish the proof of the theorem, we have to show that every coherent Ox-module belongs to 
C, and we want to do so by using devissage: By |EGA Iiii| 3.1.3], a full subcategory C of Cofix satisfying 
(i) and (ii) contains all coherent Ox-modules if (and only if) for every irreducible closed subscheme Z of 
X, there is a sheaf with support Z in C ■ 

Let Z ^-^ X he a. closed immersion with Z irreducible. Assume that we have found a coherent sheaf fz 
of Oz-modules with support Z such that the theorem holds for fz and the (obviously proper) morphism 
/ o i : Z — > y. Then ^ :~ i*fz is a coherent sheaf of Ox-modules with support Z, and 

7VR"/,J =iVR"[M,^z=R"[iV(/i)],A^^z=R"[iV/],[(^*)*iV^z] '■^"R"[7V/],iV^, 

i.e. f belongs to C ■ Thus without loss of generality, we only have to consider the case Z = X and 
therefore must exhibit a sheaf in C with support X. 

By Chow's lemma .EGA III 5.6.2], there is a projective and surjective morphism g : X' — > X, with X' 
irreducible, such that the composition fog: X' — > Y is projective. Let Ox'(l) be a very ample bundle 
for g. Then by |EGA IIIil 2.2.1] and [EGA III 3.4.7], there is an m e Mo such that ^ := .g,Ox'(m) has 
support X and such that 

(25) Vn> 0: R"5*0x'(m) ^0. 

From f^ , we learn two things. First, using the spectral sequence Wf^R'^g^, Ox' {m) 
we get 

(26) Vn e Z : R"/,^ ^ R"[/g],Ox'(m). 
Second, applying the third case to Ox' ("^) and g, we get 

Vn > : R"[NglNOx'{m) '^ NR'^g^Ox'im) ^ 0, 
and then, using the spectral sequence Rp[N f]^R'i[N g]^N Ox'im) ^ RP+'?[iV (/g)]^iV Ox'(to), 

(27) Vne Z : R''[N flN f ^R''[N {fg)lN Ox'{m). 
Combining these and applying the third case again, this time to Ox'{fn) and fg, we get 

ED 3.casc 123 

iVR"/,^ - NK'ifglOx'im) = K'[N ifg)lN Ox'im) - R«[iV/]^iVi^ 

for all n e Z, i.e. fF belongs to C, and the proof of the theorem is complete. 
q.e.d. 



RP+'lfglOx'im), 



7.6. Corollary. If A: is a *field and if X is a proper fc-scheme, we have a canonical isomorphism 

H"(X,^) -^}r{NX,Nf) 
of finite dimensional fc- vector spaces for every coherent Ox -module J^ and every n € Mq, 



Proof. This follows immediately from l7.5l applied to / : AT ^ Spec {k), and from l5.ini 



H"(A, T ) = H"(A, f)(E)kk^ H"(A, f)^kNk 



O 



N,N R"/*:r ^^^N^R''[N flNf^ H"(7V X,Nf' 



q.e.d. 
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7.7. Corollary. For a *field k and a proper fc-scheme X, the functor N : CoUx — > *CofiM x is exact 
and fully faithful. 

Proof. We already know that N is exact (and faithful) from lB.^livjl even if X is not proper over k. 
If / : X -^ Spec (fc) is proper, and if f and Q are coherent Ox-modules, we have 

r 1 E31r i 

mmo,ANf,Ng)=y^omo^ANJ,Ng)\{NX) = [n ^omo^{f , g)\{N X) 

= Il'>{NX,N^amo^{!r,g)) = B°{X,^omo,{f,gj) = IIomo^{!r,g), 
which proves fully faithfulness, q.e.d. 



7.8. Corollary. For a *field k and a proper fc-scheme X, the canonical group homomorphism N : 
Pic(X) — > *Pic(A^X) from 15.151 is injective. 

Proof. This follows immediately from the fact that N : Mod x — * *^"'^ nx is fuUy faithful by 17.71 
q.e.d. 



7.9. Example. Let fc be a *field, and consider projective d-space over k for a d S 1N+. Then the 
monomorphism Pic(P^) ^^ Pic(*P^) from 17.81 is explicitly given by the following commutative diagram 
of abelian groups: 



m 



Z^ 



"L 



Opd(m) 6 Pic(P^)^ 



Af 



-^*Pic(*P^) 9 O.pd(m) 



7.10. Corollary. Let X be proper over a *field fc, and let f he a. coherent Ox-module. Then x(^)i the 
Euler-Poincare characteristic of f , equals x{N f ), the *Euler-Poincare characteristic oi N f . 



Proof. We have 

x(ivj) = 

q.e.d. 



diin(AA:) 

*Y1 (-l)"-*dim[H"(A^X,Ar^) 



ri=0 



dimX 



n=0 



ESI 



dim X 



^ (-l)"-*dim H"(iVX,7V^) ^^ ^ (-l)"-dim H"(X,^) = x(^ 



n=0 



7.11. Corollary. Let X be a /c-scheme of finite type, and let / and y be two sheaves of ideals in Ox- 

Then A^[/ ■ y]^[N l]- [N j] as *ideals of Onx- 



Proof. Let Z be the closed subscheme of X given by / • j/ , and let i : Z ^> X be the corresponding closed 
immersion. Then we have an exact sequence of coherent Ox -modules 

I ®ox ^ — 'Ox — > i*Oz — > 
and hence by 15.41 15.141 Iti.^liv)! and 17.51 an exact sequence 

[N l]®or,x [N J] -^ Onx — > [Ni\^ONZ — >0 
of *coherent O^vx-^modules. By transfer, the image of tp is [N l] ■ [N j] and the ideal defining N Z, 
which in turn \s N [l ■ j] bv 16.61 q.e.d. 
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Let {K, \.\ : K ^ E,-") be a non-trivially valued field with locally compact completion {K, \.\). Ex- 
amples of such fields are Q, E, and C with their usual absolute value, Q or Qp, equipped with the p-adic 
value I . Ip for a prime p or — more generally — local fields. 

Assume that {K^ \.\) is an element of our superstructure M (which is no restriction, since we can always 
choose an appropriately large M). 

Then {*K, \.\) and {*k, \.\) are elements of *M, where *K C *k are fields, and |.| : *K -^ *]R-" and 
|.| : *k ^ *Ii.-° are maps such that 



* K-C. 




commutes. By transfer we have 
(Ml) yxe*K : \x\ = ^=^ a; = 0, 

(M2) Vx, ye*k: \x ■ y\ ^ \x\ ■ \y\ and 

(M3) yx,ye*k: \x + y\ < \x\ + \y\. 

Define the set oi finite elements oi *K by 

*K^'' := {xe*K \3Ce ]R^° : |a;| < C} 
and the set of infinitesimal elements oi *K by 

*x'"f := {xe*K I Ve e ]R>" : |a;| < £ } . 

8.1. Proposition. *K " ^ *K is a valuation ring with maximal ideal *K™ and residue field canonically 
isomorphic to K . We call the projection *K ^ ^^ K the shadow map, denote it by sh, and consequently 
get a commutative diagram of ring homomorphisms with exact row 

(28) K 



'K" 



"iC 



'K. 



K- 



Proof. (M2) and (M3) immediately imply that *K " is a subring of *K. Since the value on K is non- 
trivial, the set of values is not bounded, so by transfer *K contains elements of infinite value, and *K " 
is a proper subring oi*K. 

If X e *K is not finite, it in particular satisfies |a;| > 1. Then |i| < 1 (by (M2)), i.e. i is finite. This 
proves that * K '^ is indeed a valuation ring. 

For a finite x & *K '^\ {0}, - is obviously infinite if and only if x is infinitesimal, which shows that 
*K'''^ is the maximal ideal of *K^'^. 

Choose an infinite natural number h. We define a ring homomorphism a : K — > *K '^ l*K™ by 
sending the class of a Cauchy sequence {xn) in K to Xh- This is well-defined, because Cauchy sequences 
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are bounded (so that Xh G *K ") and because lim„^oo a;„ = implies xu € *K™^ . Furthermore, a does 
not depend on h: If h' is another infinite natural number, and if (a;„) is a Cauchy sequence in K, then 
Xh — Xh' is infinitesimal. Since K is a, field, a is automatically injective. 

To prove that it is also surjective, we need the fact that K is locally compact: This fact implies that 
there exists an e S R^*^ and a compact subset A oi K such that 

C/e(0,K) ■.= {x(^k\ \x\ <e] QA. 

Now let X be an arbitrary element of *i^^", let C E ]R-° with |a;| < C, let n e K with |7r| > 1, and let 
n G 1N+ with Jtt"! = |7r|" >= — . Because multiplication by tt" is a homeomorphism from K to itself, 
B :— tt"A is also compact, and we have 

and hence 

xe{ye*k \\y\<C} ^ *C/c(0, k)<^*B<Z *k. 

According to the nonstandard characterization of compactness, applied to i?, any element of *B is 
infinitesimally close to an element of B, so there is an x in i^ with x — x E *K™ , i.e. x — a{x). q.e.d. 



8.2. Corollary. Let X be a proper scheme over *K. Then the canonical map X{*K ") — > X{*K) is 
bijective. 



Proof. This follows immediately from l8.ll and the valuative criterion of properness | Har931 II. 4. 7]. q.e.d. 



^.3. Corollary. Let X be a proper scheme over K. Then there is a canonical shadow map shx 



[*X]{*K) — > X{K), induced by sh : *K 



fin 



K, such that the following diagram commutes: 

XiK) 



X{*K) 




X]{*K). 



Proof. Applying the functor X(_) to H28(l . we get the following commutative diagram, in which a is 
bijective bv l8.2l so that we can define shx as (sho a~^ o /3~^): 

X{K) 



X{*K^'^) ^ x{k) 



shi, 



X{*K)^ 



*X]{*K). 



q.e.d. 



8.4. Example. Let X C P^ be a projective variety over K, and let x — {xq 
point of *X. Put C := max{|cco|, . . . , \xd\} € *M.>°. Then 



Xd) he a *iir- valued 



shjf(a;) = (sh 



xo 
C 



sh 



X£ 

C 



eX{K)<z-pi:{k). 
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9. Resolution of singularities and weak factorization 

For us, a variety over a field k is an integral, separated fc-scheme of finite type. Similarly, if k is 
internal, a *variety over fc is a *integral, *separated *scheme in *Scfi^ . 

9.1. Lemma. Let fc be a *fLeld in *^, and let X be a fc- variety. Then N X \s Su fc-*variety. 
Proof. This follows immediately from 14.41 and I6.^|iii)| q.e.d. 



Let fc be a field, and let X be a projective fc-variety. Then for us, a resolution (of singularities) of X 
is a proper, birational fc-morphism X' ^ X, where X' is a projective, smooth fc-variety. 

9.2. Proposition. Let fc be a *field in *%_ of external characteristic zero, let n g IN+, and let X be a 
*projective fc-*variety which admits a *closed embedding into *P^ of finite *degree. Then there exists a 
*resolution f -.X' -^ X oiX. 



Proof. Bv l6.22l there is a projective fc-variety Y with NY = X, and by Hironaka's celebrated result on 
resolutions of singularities in characteristic zero, there exists a resolution g -.Y' ^Y oiY . 

Then X' := NY' is a *projective, *smooth fc-*variety bv H^Ol andOl and f := N g : X' ^ X \s. 
*proper and *birational bv 14.41 and l6. 281 q.e.d. 

Using 19.21 we can now easily give a conceptual proof of the following classical result of Eklof (see 
[EkIMI): 

9.3. Corollary. For any pair (n, d) of natural numbers, there exists a bound C G ]N_|_, such that for any 
field fc of characteristic p > C and any closed subvariety X of PjJ of degree d, there exists a resolution of 
singularities of X. 



Proof. Assume the statement is false. Then for every i G IN+ , we find a field fc^ of characteristic Pi > i 
and a closed subvariety Xi of P^. of degree d which does not admit a resolution. 

We then take the full subcategory of !Kin£s with objects (fci)ieM+ as our base category 'B , choose an 
infinite j € *]N and get a *field kj of *characteristic pj > j in *^ and a *closed *subvariety Xj of *P^ of 
*degree d which does not admit a *resolution. 

But since pj is infinite, the external characteristic of kj is zero, and 19.21 states that there can be no 
such Xj. Thus our assumption leads to a contradiction, and the corollary is proven, q.e.d. 



9.4. Definition. Let fc be a field, let U be an open subscheme of a projective fc-variety X, and let n S Mq 
be a natural number. We say that U has complexity n if X\U, equipped with its reduced structure, has 
at most n irreducible components and if all those components have degree at most n. 



9.5. Lemma. Let fc be *field in *5^, let X be a projective fc-variety, and let U' be a *open subscheme of 
N X oi finite *complexity. Then there is an open subscheme U oi X with N U — U'. 



Proof. By definition of complexity, there is an n S Mq, such that [N X]\U' = Z'^U . . .U Z'^ with ^integral 
*closed *subschemes Z^ oi N X of *degree at most n, and bv l6.21l there exist integral closed subschemes 
Zi , . . . , Z„ of X with N Z, = Z[ for alH. VvXV ■.= X\ \Jl=^ Z, = flf^i \X \ Zf\ . Then 

N\J = N\r\{X\ Z,y^^[\ N [X \ Z,]^f]{[NX] \ [NZ,]) - f] ([NX] \ Z'^ = U' . 
\j:=l / i=l 4=1 ?:=l 

q.e.d. 
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9.6. Definition. Let <J> : X ---> K be a birational map between proper nonsingular varieties over a field 
fc, and let U Q X be an open subsclieme wlrere $ is an isomorpliism. Tlien a weak factorization of $ with 
respect to U is a, factoring of $ into a sequence of blow-ups and blow-downs with nonsingular irreducible 
centers disjoint from U . The length of a weak factorization is the number of blow-ups and blow-downs 
in the sequence. 



9.7. Lemma. Let fc be a *field in *!{_, let ^ : X ^r Y he a, birational morphism between proper, smooth 
/c-varieties, and let C/ C X be an open subscheme where $ is an isomorphism. If $ admits a weak 
factorization with respect to U of length n, then N ^ : N X ^ NY admits a *weak * factorization with 
respect to N U oi *length n. 



Proof. The statement makes sense, because NX and NY are *proper, *nonsingular /i:-*varieties bv 14.41 
I4.14l and l9.1l A^<i> is *birational bv l6.28l and [A^$]|Ar(7 is trivially an isomorphism. 

Furthermore, it follows immediately from l4.lll 16. ^liiijl and 16.91 that N maps any weak factorization of 
$ with respect to U of length ti to a *weak * factorization with respect to A^ f7 of *length n. q.e.d. 



9.8. Proposition. Let fc be a *algebraically closed *field in *^ of external characteristic zero, let n S IN+, 
let X and Y be ^projective, *nonsingular fc-schemes which admit a *closed embedding into *P^ of finite 
*degree, let $ : X ^ F be a *birational morphism of fc-*schemes whose *graph has finite *degree, and 
let C/ be a *open *subscheme of X of finite *complexity where $ is an isomorphism. Then <& admits a 
*weak *factorization with respect to U of finite *length. 



Proof. By 16.121 16.221 16.251 16.281 and 19.51 there are projective, nonsingular fc-varieties X' and Y' , a 
birational morphism $' : X' -^ Y' and an open subscheme U' of X', such that XX' = X, NY' = Y, 
X$' = <(> and N U' = U . Since k is an algebraically closed field of characteristic zero and since ^'\u' 
is an isomorphism bv 16.261 we know from "AKMW02" 0.1.1] that <I>' admits a weak factorization with 
respect to U' . The claim now follows immediately from 19.71 q.e.d. 



9.9. Definition. Let fc be a field. A WF-datum over fc is a pair ($, t/), where $ : X ^ y is a birational 
morphism between projective, nonsingular fc-varieties and where U is an open subscheme of X where $ 
is an isomorphism. A weak factorization of ($, U) (of length n) is a weak factorization of $ with respect 
to U of length n. 

Let N S Mo be a natural number. We say that the WF-datum ($, U) has complexity n if X and Y 
are (isomorphic to) closed subschemes of P^ of degree at most n, if the graph of $ has degree at most n 
and if U has complexity n. 



9.10. Corollary. For any N g Mo, there exists a bound C £ M+, such that for any algebraically closed 
field fc of characteristic p> C, any WF-datum of complexity N has a weak factorization. 



Proof. This follows from 19.81 in the same way as l9.3l follows from 19.21 q.e.d. 



9.11. Corollary. For any N e Mo, there exists a bound D e M^, such that for any algebraically closed 
field fc of characteristic zero, any WF-datum of complexity N has a weak factorization of length at most 
D. 



Proof. This, again, follows in the same way as 19.^^1 and 19. 101 using the fact that the *weak ^factorization 
whose existence is proven in 19. 81 has finite *length. q.e.d. 
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